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The American Mathematical Society held its thirty-fourth summer meeting 
and twelfth colloquium from Tuesday to Friday, with lectures by Professor 
A. B. Coble on “The determination of the tri-tangent planes of the space 
sextic of genus four.” There was a gratifying enrollment for the colloquium. 
Sessions were held for the reading of papers on Thursday morning and afternoon, 
and Friday morning. 

About one hundred sixty attended the joint dinner on Wednesday evening 
at the Lord Jeffery Inn; following the dinner Professor Olds introduced the 
various speakers. President Pease, speaking as a classicist, welcomed the visi- 
tors and spoke of the great merits of mathematics and the classics. Professor 
Dines spoke of his pleasure in meeting with the Society and the Association, 
and expressed the hope that the organizations might meet in Canada, perhaps 
at Winnipeg. Professor Bliss praised highly an article on the mathematical 
basis of thermodynamics, a book on real function theory, and a presentation 
of the postulates of the theory of relativity in the Sitzungsberichte of the Berlin 
Academy by Carathéodory, who has spent the past year in this country. He 
urged also the need in our American education of paying special and adequate 
attention to students of unusual ability rather than devoting the very most of 
our time and effort to the great bulk of students of moderate or poor ability. 
While disclaiming anything in the nature of competition with recent meetings, 
Professor Kempner promised to those attending the mathematical meetings at 
Boulder, Colorado, August 26-30, 1929, beautiful mountain scenery with 
numerous excursions and the opportunity to bring mathematical inspiration 
to those who are so isolated from their mathematical colleagues. Professor 
Rietz supported the statements with regard to the beauties and the attractive- 
ness of mountain climbing in the Estes Park region, and he bespoke also the 
interest of mathematicians in the meetings at Des Moines, along with the 
American Association next December; he referred to the great value in broad- 
ening our views in mathematics to be gained from the colloquium lectures 
given by men who have done notable work and the value derived from the 
extension of the sections of the Association. 

The Mathematical Association held sessions on Monday and Tuesday 
afternoons, with President Ford in the chair, Vice-President Kempner presiding 
for a part of the Tuesday session. The program was arranged by a committee 
comprising Professors B. H. Camp (chairman), W. R. Ransom and J. K. 
Whittemore. Abstracts of the papers are given, numbered in accordance with 
the numbers of the papers. 
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FIRST SESSION OF THE ASSOCIATION 


(1) “What we mean by postulates,” by Professor A. A. BENNETT, Brown 
University. 

(2) “Convergence and continuity,” by Professor ARNOLD DRESDEN, 
Swarthmore College. 

(3) “Higher forms of the icosahedron,” by Mr. A. Harry WHEELER, 
Lecturer, Wellesley College. 

1. Professor Bennett made mention first of the notable address of Professor 
Pierpont on “Mathematical Rigor” that appeared this year in the Bulletin 
of the American Mathematical Society. Among other references was named 
particularly the readable and impartial treatise by Oskar Becker, Mathema- 
tische Existenz, Halle, 1927, which among other matters explains Hilbert’s 
and Brouwer’s positions with regard to infinite aggregates. The question of 
the role of formal logic in mathematics was discussed. In particular the matters 
of nonconstructive proofs and the traditional requirements of consistency, 
independence, categoricalness, etc., for postulational systems were examined. 
The essential difference in character between postulational systems for arith- 
metic, and those for other branches was emphasized. 

2. In this paper Professor Dresden took up briefly some of the important 
extensions and developments of the concepts “continuity of a function” and 
“convergence of a sequence,” which have become current in the mathematical 
literature of recent years. The first part of the paper dealt with absolute con- 
tinuity (Vitali, 1905), its connections with the existence of a tangent to a curve 
and with rectifiability; with pseudo-intervals, quasi-continuity (Tonelli, 1921) 
and the related theory of the Lebesgue integral; with equicontinuity (Ascoli, 
1884) of a sequence of functions, the existence of a limiting element of a set of 
continuous functions, and the applications of this concept. The second part 
was concerned with sub-uniform convergence (convergenza a tratti, Arzela, 
1899), relative uniform convergence (E. H. Moore, 1906), approximate con- 
vergence (Weyl. 1909; F. Riesz, 1909; Tonelli, 1921) and with convergence in 
the mean (Fischer, 1907) and with indications of the principal applications of 
these concepts. The paper closed with a suggestion of a method by means of 
which the concepts of continuity of a function and convergence of a sequence 
could be unified. 

3. In addition to the regular convex icosahedron there are other higher 
forms derived by extending the faces of a regular icosahedron. The complete 
icosahedron is a sixty-pointed star figure, and there are also twelve-pointed 
and twenty-pointed forms, and others consisting of groups of regular tetrahe- 
dra, and of regular octahedra. The regular twelve-pointed star icosahedron 
was discovered by Poinsot, and the concave wedge variety by Mdébius. 
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There are several “double” varieties, each of whose complementary parts 
is a distinct icosahedron, and there is a triple icosahedron each of whose three 
parts is an icosahedron of higher species. In addition to these forms there are 
several “hollow,” or “labyrinth” icosahedra, and several “discrete” varieties 
composed of separate disconnected elements, which in certain forms are double 
pyramids. There are two tetrahedral complexes of thirty tetrahedra each which 
are enantimorphs with reference to each other. At the International Mathe- 
matical Congress held at Toronto in 1924, Mr. Wheeler gave a table of twenty- 
two forms of the icosahedron, and to date this number has been increased to 
thirty-five different forms. 

Beginning with any face of a regular convex icosahedron, we shall number 
the faces consecutively in counter-clockwise order, i, 2, 3,---, 20, and shall 
also designate these same faces in the same order by the letters, a, b,c,--- ,7, 
s, t, respectively. Selecting the plane of one of these faces, as a, as a plane of 
reference, we will extend all other faces as, 2, 3, 4, - - - , 17, 18, 19, not parallel 
to it, and designate their intersections with this plane, a, by means of sub- 
scripts to @, aS @, de, @3,---, dig. The plane of reference will thus contain a 
system of eighteen lines. 

We shall use the notation a,a,a, to denote that we are to start with the line 
a; and pass along it in counter-clockwise direction until we arrive at the inter- 
section with the line a;, along which we will travel in counter-clockwise direc- 
tion to the line a;, and thence to the starting point on the first line, ai. 

In the configuration of eighteen lines on the plane of reference, a, the face 
of the original icosahedron will thus be defined by its boundary as azd5a3. 

The configuration of eighteen lines may be rotated about its geometric 
center, which is the geometric center of the triangle, a.a;as, through angles 
of 27/3, 42/3, and 27, and made to coincide with itself. It follows that any 
figure formed by selecting lines, a;a;a, - - - a,, from among the totality of lines 
420304 -- + dig, may be transformed into a congruent figure by rotations of 
27/3, 42/3 and 27 about the geometric center of the complete figure. 

We shall now use Fa,a,a, - - - to denote the plane figure formed by the lines 
a,a,a,--- taken in counter clockwise order to form a closed boundary. We 
shall call any such closed space, thus defined, an element, and shall denote it 
by Ea,a,a,:--. By applying the cyclic substitutions, I, S, S?, where S= 
2,5,8-3,6,9-4,7,10-11,14,17-12,15,18-13,16,19, we may transform any symbol 
Ea,a,a, - - - int@the symbol for a second element, and a third element, and these 
elements will constitute the “visible” parts of one face of an icosahedron of 
higher species. 

In case there are elements of more than one type E, we may distinguish 
them by subscripts written to the letters, as Z,, E2, E;, etc. In such a case the 
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“visible” portions of one face of an icosahedron of higher species may be denoted 
by a group, G,, of elements as follows: 


E,, E,, E;, E,, E;, 
G,= SEs, SE,, SE;, 
S*E,, S*E,, S*E,. 


With reference to the face a, the remaining faces of the icosahedron are given by 
groups of simply isomorphic substitutions. 

The paper was illustrated by paper models chosen from the collection of 
the author. 


SECOND SESSION OF THE ASSOCIATION 


(4) “The past decade in cosmology,” by Professor W. D. MacMILLan, 
University of Chicago. 

(5) “Some geometrical aspects of physics,” by Professor L. D. EISENHART, 
Princeton University. 

(6) “The development of the Russian mathematical school,” by Professor 
J. D. Tamarkxin, Brown University. 

4. For one hundred years the ideas of scientific men with respect to the ori- 
gin of stars—and our own sun and planetary system in particular—were com- 
pletely dominated by the nebular hypothesis of Laplace. That a vast cloud of 
hot gas, slowly rotating, should radiate its heat, contract and rotate more rapidly 
and result in a solar system such as our own seemed so simple and so obvious 
that almost no one doubted it. Such progress as was made served to strengthen 
it. The proof given by Helmholtz in 1854 that the process of contraction in 
itself would furnish enough heat to last twenty million years at the present 
rate of radiation gave the hypothesis great weight; and Lane’s proof in 1870 
that the temperature of monatomic gases would rise during the process added 
to its beauty. 

The first serious hypothesis of a different character was put forward in 
1900 by Professor T. C. Chamberlin of the University of Chicago. This hypo- 
thesis, known as the Planetesimal Hypothesis, was developed jointly by Pro- 
fessors Chamberlin and Moulton, who succeeded in convincing a large body 
of serious students that the origin of our planetary system was due to a close 
approach to the sun of another star. The birth of the planejggaa system was 
bi-parental, as Professor Chamberlin put it. ~~ 

The first serious effort to account for the origin of the stars themselves 
and their abundant stores of energy by a different hypothesis was put forward 
in 1918 by Professor W. D. MacMillan, also of the University of Chicago, 
who regards matter as but one of the phases or states of energy. Energy is 
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conserved, but matter is not conserved. Matter comes into existence and passes 
out of existence, as do all organized structures. In the stars matter passes out 
of existence on account of the excessive gravitational stresses. Its energy, which 
is chiefly electrostatic potential energy, takes the radiant form, and is the source 
of the radiant energy of all the stars. Its amount, according to modern electrical 
theories, is sufficiently great to account for the phenomena observable in the 
skies and to form the basis of a rational cosmology. The radiant energy of the 
stars in its passage through space is, so to speak, condensed back into matter 
again, accounting not only for the blackness of the skies of night, but also for 
the vast clouds of tenuous gases which are visible there. 

Energy is the one physical agent and its changes of state are manifested to 
us as physical phenomena. 

5. Professor Eisenhart was not able to present his paper or to attend the 
meetings. The hope was repeatedly expressed by members that the Association 
may be favored by having this paper at its next meeting. 

6. Professor Tamarkin gave a short review of what has been done in mathe- 
matics in Russia during the last 75 years. The reviewer’s attention was con- 
centrated mainly upon the three most outstanding figures of the Russian 
Mathematical School: Tchebyshev, Markov and Liapunov. A brief analysis 
of their work as well as of the work of some of their followers was presented. 


GIFT TO THE CHAUVENET PRIZE FUND 


A pleasant surprise, made known at the meeting of the Board of Trustees 
Monday evening and announced in the absence of the President at the session 
of the Association Tuesday afternoon, was the following communication from 
President Ford: 


The Trustees of the Mathematical Association of America. 
GENTLEMEN: 


At the present time it is the custom of the Association to award a prize of $100 once in five years 
to the author of the best mathematical paper of expository character published during that period, the 
exact conditions of the award being as stated in the Monthly for October, 1925, page 439. It has occurred 
to me that this prize should, if possible, be awarded at more frequent intervals and it is my desire, 
therefore, to present to the Association at this time the sum of $500, the interest upon which combined 
with the income from the Association funds already allocated for this purpose will enable the prize 
to be given hereafter at an interval of every three years. 


Very respectfully yours, 


Wa tteR B. Forp. 
The Trustees voted to accept the gift and to express to Professor Ford the 


appreciation and thanks of the Board for this admirable advance made possible 
in one of the outstanding activities of the Association. President Ford had 
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planned to make this gift at the close of his term of office, but determined to 
do so at this time inasmuch as he is now leaving for a year’s absence to be spent 
in Europe. 


MEETING OF THE BOARD OF TRUSTEES 


Seven trustees were present at the session on Monday evening. 
The following eleven persons were elected to membership, on application 
duly certified: 
To Individual Membership 
L. T. Brack, A.M. (Michigan). Instr., Ashland DENNIE May Jones, A.B. (North Texas State 


College, Ashland, Ohio. Teachers College). Prin., High School, 
R. S. Curistran, A.B. (Westminster). Instr., Stephenville, Texas. 

Westminster College, Fulton, Mo. SALLIE E. Pence, A.M. (Kentucky). Prof., Mur- 
W. M. Davis, M.S. (Iowa). Instr., Albion College, ray State Teachers College, Murray, Ky. 

Albion, Mich. CAROLINE E. SEELY, Ph.D. (Columbia). 501 W. 


116th St., New York, N. Y. 

W. F. Smita, A.B. (Western Kentucky State 
Teachers College.) Grad. Student, Univ. of 
Kentucky, Lexington, Ky. 


EUGENE FEENBERG. Asst., Physics, University of 
Texas, Austin, Texas. 
May N. Harwoop, A.M. (Syracuse). Asst. Prof., 


Syracuse Univ., Syracuse, N. Y. Dorotuy H. Van Deusen, B.S. in Eng. (Mich- 
M. F. Hooprss, A.B. (Oberlin). Teacher, Southern igan). Senior Math. Teacher, High School, 
State Normal, Springfield, S. Dak. Battle Creek, Mich. 


The Secretary-Treasurer reported that President Ford had appointed as 
the Association’s delegates to the International Mathematical Congress Pro- 
fessors Daniel Buchanan, H. J. Ettlinger, E. B. Stouffer, J. W. Young and 
Dr. G. A. Plimpton. 

Consideration was given to the proposal of an official affiliation between 
the Association and the National Council of Teachers of Mathematics, and of 
the appointment of a commission for the study of the redistribution of topics 
in plane and solid geometry. In view of the importance of these proposals and 
of a discussion by a full board of trustees, it was deemed necessary to postpone 
this until the December meeting. Such affiliation and study are entirely in 
line with the past policy of the Mathematical Association of America. 

President Ford’s gift of $500 to the Chauvenet Prize Fund has been des- 
cribed in an earlier part of this report. 

Other business considered the greater effectiveness of the potentially useful 
Bureau of Information of Appointments conducted for the Association by 
Professor H. W. Kuhn, of Ohio State University, the distribution of the forth- 
coming Ahmes Papyrus, plans for a proposed international journal on the 
history of mathematics and measures for reducing the cost of printing the 
Monthly and for simplifying the estimation of printing costs. 

W. D. Carrns, Secretary-Treasurer. 
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THE EARLY HISTORY OF PARTIAL DIFFERENTIAL EQUATIONS 
AND OF PARTIAL DIFFERENTIATION AND INTEGRATION 


By FLORIAN CAJORI, University of California 


The general events associated with the evolution of the fundamental con- 
cepts of fluxions and the calculus are so very absorbing, that the history of the 
very specialized topic of partial differential equations and of partial differentia- 
tion and integration has not received adequate attention for the early period 
preceding Leonhard Euler’s momentous contributions to this subject. The 
pre-Eulerian history of the partial processes of the calculus is difficult to trace, 
for the reason that there existed at that time no recognized symbolism nor 
technical phraseology which would distinguish the partial processes from the 
ordinary ones. In consequence, historians have disagreed as to the interpreta- 
tion of certain passages in early writers. As we shall see, meanings have been 
read into passages which the writers themselves perhaps never entertained. 
In connection with fluxions certain erroneous a priori conceptions of their 
theory were entertained by some historians which would have been corrected, 
had these historians taken the precaution of proceeding more empirically and 
checking their pre-conceived ideas by reference to the actual facts. 


Partial Processes in the writings of Leibniz and his immediate followers 


Partial differentiation and partial integration occur even in ordinary proc- 
esses of the calculus where partial differential equations do not occur. The 
simplest example of partial differentiation is seen in differentiating the product 
xy, where one variable is for the moment assumed to be constant, then the 
other. Leibniz used partial processes, but did not explicitly employ partial 
differential equations. He actually used special symbols, in a letter! to de 
Hospital in 1694, when he wrote “Sm” for the partial derivative dm/dx, and 
“dm” for dm/dy; De l’Hospital used “dm” in his reply of March 2, 1695. As 
stated in his letter, Leibniz considers the integration of bdx+cdy, where 6 and 
¢ involve x and y, and seeks an equation m=0 where m also involves x and y. 
Differentiating m=0 yields him 5mdx+d8mdy=0. We have here a total dif- 
ferential equation. It follows, he says, that b:c=5m:dm or b#m=cém. In the 
analysis which follows this statement, Leibniz says that this last equation is 
to be satisfied identically. It is clear that in deriving the above total differential 
equation Leibniz differentiates partially, taking first x as an independent vari- 
able, then y as an independent variable. That the identity which follows was 
recognized by him as a partial differential equation is not clear. Such recog- 
nition would demand in case of an identity an abstract view point hardly 


1 Leibnizens Mathematische Schriften, vol. II, Berlin (1850), pp. 261, 270. 
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attributable to writers in the prelude period of the history of partial differential 
equations. 

A recent writer claims that Leibniz did use partial differential equations: 
“Auf partielle Differentialgleichungen kommt Leibniz durch ein geometrisches 
Problem.”! Reference is made to Leibniz’s article? of 1694 in which he finds 
the envelope of the circles x?+’+6?=2bx+ab. Differentiating with reference 
to b as a variable parameter, Leibniz obtains 2bdb=2xdb+adb. Eliminating b 
between 2) =2x+<a and the given equation, he obtains as the required envelope 
the parabola ax+(a?/4)=y?. After studying Leibniz’s introductory remarks, 
we feel that, in differentiating the two sides of the equation, he consciously kept 
both x and y constant and took 6 as an independent variable. We feel this 
notwithstanding the fact that he does not state this relation explicitly when 
differentiating. Leibniz did not call the equation 2=2x+a by any special 
name. It is not a differential equation, but the process of partial differentiation 
is involved in its derivation. 

Nor can we accept the validity of the recent claim* that Jakob Hermann 
used partial differentiation and partial differential equations in 1717, in special 
solutions of the celebrated problem of orthogonal trajectories to plane curves.‘ 
That problem, as ordinarily treated, does not give rise to partial differential 
equations, nor even to partial differentiation, except perhaps in the differentia- 
tion of implicit functions. The process, as followed by Hermann, consists in 
finding the total derivative dy/dx, introducing —dx/dy in its place, and eli- 
minating a parameter. Hermann solves four special cases, but does not give 
the equations to be differentiated in the form requiring partial differentiation. 

However, Hermann did use partial differentiation on another occasion. 
Leibniz,‘ in a letter to John Bernoulli, describes a procedure which Hermann is 
reported to have explained to Chr. Wolf, and which clearly involves this 
process. 

Partial differential equations stand out clearly in six examples on trajec- 
tories published in 1719 by Nicolaus Bernoulli (1695-1726),* the twenty-four 
year old son of John. He takes the curve y"=a”~'x, “cujus differentialis com- 


1 Edmund Hoppe, Archiv fiir Geschichte der Mathematik, der Naturwissenschaften und der Tech- 
nik, vol. 10 (1927), pp.161, 162. Hoppe refers to articles and letters of Leibniz in Acta eruditorum (1694), 
p. 311; Leibnizens Mathematische Schriften, vol. II, p. 166, vol. III (1855), pp. 967, 969. But we 
have not been able to find that Leibniz gives or solves partial differential equations in these articles. 

2 Acta eruditorum, 1694, p. 311. 

3 E. Hoppe, Joc. cit., p. 163. 

4 J. Hermann, Acta eruditorum (1717), p. 349. 

5 Leibniz’s letter to John Bernoulli, July 26, 1716, Leibnizens Mathematische Schriften, vol. III, 
pp. 967, 968. 

6 Acta eruditorum (1719), p. 298. Republished in Johannis Bernoullo Opera omnia, Lausannae et 
Genevae, vol. II (1742), p. 399. 


1928] HISTORY OF PARTIAL DIFFERENTIAL EQUATIONS 461 


pleta est da+a"— dx; hic et 
g=(1—m)x:a,...”. Here we have the “complete” differentiation, followed by 
the two partial differential equations, in which p=0x/dy and g=0x/da. 


Argument over a differential equation of Newton involving three variables 


In his Method of Fluxions Newton solves differential equations and gives 
one example, 2%—z+ yx =0, of a differential equation involving three variables. 
The fluxion % signifies our time-derivative dx/di. On the European continent, 
some writers have interpreted this equation as a partial differential equation, 
other writers, as a total differential equation. We begin by quoting the passage 
in Newton:! 

“The Resolution of the Problem will soon be dispatch’d, when the Equation 
involves three or more Fluxions of Quantities. For between any two of those 
Quantities any Relation may be assumed, when it is not determined by the 
State of the Question, and the Relation of their Fluxions may be found from 
thence; so that either of them, together with its Fluxion, may be extermin- 
ar Let the Equation proposed be 2%—z+ yx =0; that I may obtain the 
Relation of the Quantities x, y, and z, whose Fluxions x, j, and ¢ are contained 
in the Equation; I form a Relation at pleasure between any two of them, as 
x and y, supposing that «= y or 2y=a+z, or x=yy etc. But suppose at present 
x=yyand therefore x=2yy. Therefore writing for %, and yy for x, the Equa- 
tion proposed will be transform’d into this: 4yy—z+yy?=0. And thence the 
relation between y and z will arise, 2yy+}y'=z. In which if x be written for 
yy and x? for y*, we shall have 2x+3x3=z. So that among the infinite ways in 
which x, y, and z may be related to each other, one of them is here found, which 
is represented by these Equations, x = yy, 2y?+4y? =z, and 2x+3x3 =z.” 

The well known French writer on the calculus, Lacroix,? interpreted New- 
ton’s equation in three variables as a total differential equation. 

On the other hand Weissenborn’ says that Newton’s problem was “nothing 
less than that of partial differential equations,” in the treatment of which he was 
“not successful” since his solution is incorrect, as “one may see easily by trial.” 
Weissenborn assigns no special reason for interpreting it as a partial differential 
equation any more than had Lacroix for calling it a total. That Newton’s 
equation was “partial” was held also by the Swiss historian Heinrich Suter,‘ 
and the noted German historian Moritz Cantor® in the third volume of his 


1 Sir Isaac Newton, The Method of Fluxions, translated into English by John Colson, London 
(1736), p. 41. 

2S. F. Lacroix, Traité du calcul différentiel et du calcul intégral, 2d. ed., vol. II (1814), p. 691. 

8 Hermann Weissenborn, Die Principien der héheren Analysis, Halle (1856), p. 39. 

4H. Suter, Geschichte der Mathematischen Wissenschaften, Ziirich, vol. II (1875), p. 74. 

5 Moritz Cantor, Vorlesungen tiber Geschichte der Mathematik, vol. III, 1898, p. 166. 
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Vorlesungen, but in the Preface Cantor retracts the statement, only to adhere to 
his original view in the second edition of that volume which appeared three 
years later.! 

In direct opposition to Weissenborn’s interpretation are E. Tischer? of 
Leipzig, Zeuthen* of Copenhagen, Enestrém‘ of Stockholm and, very recently, 
Hoppe of Géttingen. Our own conclusion is in agreement with the last four 
writers; Newton’s equation in three variables is a total differential equation. 
Newton treats this equation precisely as he does differential equations involving 
two variables, except that he assumes now a second relation x= yy to exist, so 
that he can eliminate x and %, and thereupon proceed as in case of two variables. 
Newton does not refer to any new principle involved in his equation in three 
variables. Moreover, Newton’s solution of the equation is correct on the 
assumption that the differential equation is total, but incorrect on the assump- 
tion that it is partial. The conclusion is firmly established that neither Newton 
nor Leibniz in their published writings ever wrote down a partial differential 
equation and proceeded to solve it. 


Erroneous conceptions about the theory of fluxions 


While we agree with Tischer, Zeuthen and Hoppe that Newton’s three- 
variable equation is a total differential equation, we do not agree at all with the 
reason which they assign for their conclusion. They base it on a preconceived 
erroneous conception according to which a partial differential equation is im- 
possible on the Newtonian theory of fluxions, for the reason that Newton’s 
fluxions are all time-derivatives and therefore exclude, as the critics state, any 
independent variable other than “time.” Thus Tischer says on page 40 of his 
tract: “The concern here is not with a function of several independent variables, 
but with several functions of one and the same independent variable.” Zeuthen 
states’: “Since the entire theory of fluxions rests upon the assumption of a single 
independent variable, he (Newton) remarks that in cases where an equation is 
given involving more than two variables with their fluxions, new relations be- 
tween the variables may be introduced.” We quote also Hoppe’s statement: 
“When Newton has an equation in several fluents (we would say in variable 
magnitudes), that is, in x, y, z, u, etc., he derives the fluxions by assuming that 


1 Op. cit., vol. 3, 2d. ed. (1901), p. 172. 

* Ernst Tischer, Ueber die Begriindung der Infinitesimalrechnung durch Newton und Leibniz, Jahres- 
bericht des Nicolaigymnasiums in Leipzig, Leipzig (1896), pp. 37-39. 

3H. G. Zeuthen, Geschichte der Mathematik im XVI und XVII. Jahrhundert, Deutsche Ausgabe, 
von R. Meyer, Leipzig (1903), p. 379; also Zeuthen in Bullet. de l’Acad. d. sc. de Danemark (1895), p. 
263. 

‘ G. Enestrém, Bibliotheca mathematica, vol. IV (1903), p. 400; vol. 11 (1910-11), pp. 172-173. 

5 Zeuthen, op. cit., p. 379. See also p. 358. 
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these variables are all functions of one and the same variable magnitude, for ex- 
ample, of the time. Then he marks the fluxion of x by #, of y by y, etc., so that # 
means in our notation dx/dt, j=dy/dt, =dz/dt. Accordingly, if Newton had 


chosen to write his fluent equation briefly f(x, y, z,...) =u, he would have 
meant by this, that x, y, z,... , « are functions of ¢, but not.... that wisa 
function of the independent variables, x, y, z,.... The x, y,z,..., were 


themselves functions of the variable ¢ the time or of the temperature or some 
similar variable, and f signified only that an equation existed between these 


. functions. If Newton wished to represent dy/dx he had towritedy/dx =dy/dt+ 


dx/dt=y+%x=a:1, where a is a magnitude measured according to the unit of 
the fluxions.... In this theory of fluxions no path was open to partial differ- 
ential equations.” 

These writers are correct in stating that all fluxions are time-derivatives, 
but where in Newton and other writers on fluxions is it stated that all fluxions 
must result from contemporaneous fluents? Why is it not possible to consider 
the velocity (fluxion) of « when only x changes, or when only y or z changes? 
These continental writers assume all fluxions to be contemporaneous and do 
not go to the trouble to see what the practice of British writers really was in 
this respect. To show the error of this contention it is sufficient to quote from 
Newton and other writers on fluxions where partial processes freely enter. 
To present our case convincingly, we shall go into considerable detail and 
thereby hope to make a contribution to the history of partial processes in 
England during the time of Newton and the eighteenth century. 


Partial differentiation and partial integration in Newton 


In the following quotation! from the Method of Fluxions, Newton explains 
the differentiation of an implicit function in x and y: 

“If the relation of the flowing Quantities x and y be x*—ax*?+axy—y'=0; 
first dispose the Terms according to x, and then according to y, and multiply 
them in the following manner. 


Mult. — ax? + axy— y*® | — y® + — ax? 
x x x y y 
makes 3xx? — 2axx + axy * | = 3yy? + ayx * 


The sum of the Products is 3%x*—2axx+axy—3yy?+ajx=0, which Equation 
gives the Relation between the Fluxions and jy. For if you take x at plea- 
sure, the Equation x’ — ax*+axy—y'*=0 will give y. Which being determined, 
it will be :3y?—ax:3x?—2ax+ay.” 

1 Sir Isaac Newton, Method of Fluxions, edited by John Colson (1736), p. 21. 
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Here clearly Newton allows x to vary, while y remains constant, and vice 
. versa. In modern symbols, if z=2*—ax*?+axy—~y*, then 02/dx =3x?—2ax+ay, 
02/dy=ax—3y*. Such a procedure is a violation of the theory of fluxions as 
understood by Tischer, Zeuthen and Hoppe. 

In the process of partial integration, Newton’s statement is equally clear. 
He considers the problem: A fluxional equation being given, to find a fluent 
equation. “As this Problem is the Converse of the foregoing, it must be solved 
by proceeding in a contrary manner.”! He solves several examples. Thus 
Newton clearly and fully explained partial differentiation and partial integra- 
tion, but nowhere does he give a partial fluxional or differential equation. 

Newton worked on two problems for which he published only conclusions, 
namely the problem of the solid of least resistance,? and the problem of the path 
of a ray of light-in a heterogeneous medium.’ The modern general treatment of 
these problems involves partial differential equations. Whether or not Newton 
himself used such equations we cannot profitably discuss here. 


Other British writers giving partial differentiation and partial integration 


We have not been able to discover the explicit use of partial processes in 
Maclaurin, Taylor and Stirling. Apparently using partial fluxions consciously, 
John Turner,‘ a friend of Thomas Simpson, in 1748, maximized v‘x*y’z when 
“Expunging z, In fluxions 
= — — 40/y2x3n5; whence t= 6 =40/ 

And = y/2 =v/4=b—v—x—y.” Thereupon each unknown is 
found in terms of 6. In this process a total fluxional equation is found first; 
thereupon the partial fluxion obtained when y alone varies, on the left side of 
the fluent equation, is equaled to the partial fluxion with respect to y, on the 
right side of the equation. Similarly for the partial fluxions with respect to 
x, and v, respectively. Practically the same problem is solved in the same way 
by William Emerson.® 

Using the fluxional notation, John Playfair performs partial differentiation 
and partial integration in finding solids of greatest attraction.’ Partial processes 
occur, of course, in books employing partial fluxional equations. 


1 Method of Fluxions, p. 25. 

2 Newton’s Principia, Bk. II, Prop. 34, Scholium. See a modern treatment in A. R. Forsyth, Calculus 
of Variations, Cambridge (1927), p. 340; O. Bolza, Bibliotheca Mathematica, vol. 13 (1912-13), p. 146. 

8 Newton’s Opticks, Book II, Part III, Prop. 8. See a modern treatment of the problem in R. A. 
Herman, Treasise on Geometrical Optics, Cambridge (1900), p. 308. 

4 The Mathematical Questions proposed in the Ladies’ Diary, by Thomas Leybourn, vol. 1, London 
(1817), p. 395. 

5 W. Emerson, The Doctrine of Fluxions, 3d. Ed., London (1768), pp. 174, 175. 

6 Transactions of the Royal Society of Edinburgh, vol. 6 (1812), pp. 195, 196. 
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Partial Differential Equations in Books on Fluxions 


British writers on the history of the calculus have never claimed for them- 
selves any share, however modest, in the development of partial differential 
equations before the nineteenth century. John Leslie! speaks of the “capital 
extension about the middle of the last century by what is termed the Calculus 
of Partial Differences, which applies with singular felicity to the solution of 
the most arduous and recondite physical problems... . The first specimen of 
this sort of Integration was given by Euler in 1734, but D’Alembert expanded 
the process in his Discourse on the General Cause of the Winds, which appeared 
in 1749....” Similar statements are made by David Brewster in the Edin- 
burgh Encyclopaedia, article “Fluxions.” 

Nevertheless, I have found a few occurrences of partial fluxional equations. 
In 1737, Thomas Simpson? derived the maximum of the expression (b—<*) 
(x*z —2°)-(ay—y*). He began: “First considering y as a variable, we have 
xy —2yy=0, or xy-—yy= By making z variable, we have x*z — =0, 
or t=. ...” Wesee that, in obtaining the first differential equation, the 
fluxion of the given expression is found when y is the independent variable, z 
and x being taken to be constant; in obtaining the second equation, z is the 
independent variable, y and x being taken constant. If we introduce the letter 
u to represent the expression to be maximized, then, in modern symbols, 
the above analysis includes the process of finding du/dy=A(x—2y), du/dz 
= B(x?—3y?), where A =(b?—x°)(x*y—23), and B=(b?—x*)(xy—y?). There are 
thus obtained two simultaneous partial differential equations with two inde- 
pendent variables y and z, in which, for a maximum value of u, du/dy=0 and 
du/dz =0. 

A similar problem, to find the minimum of an expression xx+yy+zz, when 
ax +by+cz=d, is answered in the Ladies’ Diary for 1757-58 by Lionel Charlton 
of Whitley, and seems to indicate that partial processes were understood by 
the rank and file of British mathematicians. “Now seeing that any two of the 
quantities x, y, z may be varied independently of the other, we shall (by making 
x and y to flow, while z remains constant) have at+by=0 and 2x%+2yy 
=0....” “In the same manner” he lets x and z flow, while y remains con- 
stant. This amounts to taking y and z as independent variables and x as a 
dependent variable. Observing that */j=0x/dy, there are derived in the 
solution of this problem the simultaneous partial differential equations in 
two independent variables x0x/dy+y=0, xdx/dz+z=0, adx/dy+b=0 and 
adx/dz+c=0. 

1 John Leslie, “On the Progress of Mathematical and Physical Science, chiefly during the eighteenth 


Century” in the eighth edition of the Encyclopaedia Britannica, p. 715. 
2 Thomas Simpson, Treatise of Fluxions, London (1737), p. 35. 


wea 
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A later writer, Vince,' solves the problem, given x+y+z=a and xyz’ a 
maximum, to find x, y, z. Vince says: “Let us suppose such a value of y to 
remain constant, whilst x and z vary till they answer the conditions, and then 
%+2=0 and 2%+3x2’s=0.... Now let us suppose the value of z to remain 
constant, and x and y to vary... .” 

Partial differential equations are rarities in English articles of the eighteenth 
century and in English books (with the exception of Waring’s). Rigorous con- 
ditions for maxima and minima in expressions of more than two variables were 
not attempted. 


Edward Waring 


He was the only eighteenth century Englishman who wrote on partial 
differential equations other than the simplest types of the first order. He was 
a Senior wrangler and was described as “one of the strongest compounds 
of vanity and modesty.” According to David Brewster, “His writings are the 
only mathematical works published in this country, until late years, that have 
kept pace with the improvements made in this science on the continent.” 
Waring admitted that he “never could hear of any reader in England, out of 
Cambridge, who took the pains to read and understand” his writings. In his 
Meditationes analyticae he devoted to partial differential equations twenty-four 
pages (pp. 231-254) in the first edition (1776), and seventeen pages in the second 
edition (1785). A persistent student may master this topic as presented in the 
first edition, but in the second edition hope of conquest vanishes. There are 
here fewer examples; the statements of processes have a brevity and generality 
never attempted by earlier writers nor probably by later ones. On this subject 
Waring displayed less originality than in the theory of equations, algebraic 
curves, and the theory of numbers. In the introduction to the first edition of 
his Meditationes analyticae he expresses indebtedness on this subject to Clairaut, 
Euler, D’Alembert znd Condorcet; in the second edition, also to Fontaine, 
Lagrange and Laplace, but nowhere does he give specific bibliographical refer- 
ences. We find that nearly all partial differential equations given in the first 
edition are found in Euler’s Imstitvtiones calcvli integralis, Petropoli, 1770. 
Waring’s presentation is of interest in showing how this subject is treated in 
the fluxional notation. We give in translation from his Latin the following 


definition (1st ed., p. 231): “Let the quantity ( £) enclosed in parentheses denote 
the value of the fluxion of V, where x alone is variable, divided by «; that is, if 


V =px+qy, then denotes the quantity p, and denotes the quan- 
tity g.” “By (4) is denoted the second fluxion of V, divided by xy, in the 


1S. Vince, Principles of Fluxions, 1st American Edition, Philadelphia (1812), p. 19. 
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derivation of which at first x alone varies, then y alone varies.” In our notation 
these derivations are 0V/dx and 0°V/dxdy. The use of parentheses to dis- 
tinguish partial derivatives from total derivatives was introduced by Euler. 
In the first edition, Waring treats briefly D’Alembert’s equation arising in the 


famous problem of vibrating strings, (5) =<(3), also thirteen other linear 
partial differential equations of the second order, two equations of the first 
order and one of the third. In the second edition the treatment is more ca- 
valierly presented; the solutions of only eight equations of the second order 
are sketched, and three theorems are given relating to equations of the mth 
order, one for homogeneous equations with constant coefficients and x and y 
as independent variables, another for homogeneous equations with constant 
coefficients and any number of independent variables, and the third for linear 
partial differential equations. The following quotation (2nd ed., p. 299) exhibits 
the notation and Waring’s style of presentation: 


“Sit aequatio P (7) +Q ( V ) +Q’ 


n—-1 n—2 
+R’ +etc. +P” (‘7’) +etc.+ZLV =0; ubi in singulis terminis V vel 


ejus fluxio unam solummodo habet dimensionem; in hac aequatione pro V 
& ejus fluxionibus scribantur e’Xu & ejus correspondentes fluxiones, ubi v & 
u sunt functiones quantitatum x & y: functiones v & u pendent e functionibus 
P,Q, R, etc., P’, Q’, etc., P’’, etc. quo magis simplices sunt priores functiones, 
eo magis plerumque simplices erunt posteriores.” 


SOME TETRAHEDRAL COMPLEXES 
By NATHAN ALTSHILLER-COURT, University of Oklahoma 


1. Consider the lines s in space such that the feet of the perpendiculars 
dropped upon them from a fixed point A lie in a given plane a. 

2. What is the configuration formed by the lines s which pass through a 
given point M? The foot U of the perpendicular AU from A upon s lies in the 
plane a and also on the sphere (AM) having the segment AM for diameter. 
Therefore the lines s passing through M project from M the circle of intersection 
of (AM) with the plane a. Thus: The lines s which pass through a given point 
in space form, in general, a cone of second degree. 

3. The lines s which lie in a given plane u may be obtained as follows. Take 
any point U on the line of intersection ay of the planes a, uw and erect, inp, 
the perpendicular s to AU. Now if A’ is the projection of A upon up, A’U is, 
by a well known theorem of elementary geometry, perpendicular to the line s. 
Thus the line s is a side of a right angle in the plane yu, the other side of which 


“i 
| 
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passes through the fixed point A’ and whose vertex U lies on a fixed line ay 
of wu. Hence: All the lines s lying in a fixed plane envelope, in general, a parabola. 

The point A’ is the focus of the parabola, and the line ay is the tangent at 
the vertex of the curve. 

4, The preceding two paragraphs prove the proposition: All the lines in 
space such that the feet of the perpendicuvlars dropped upon them from a fixed point 
lie in a given fixed plane form a tetrahedral complex. 

5. Consider any two spheres (B), (B’) whose centers B, B’ are symmetric 
with respect to the point A (§1) and whose radical plane coincides with the 
plane a, but which do not lie one within the other. 

Let s be a line of the tetrahedral complex (S) (§4), and C, D; C’, D’ the 
points of intersection of s with (B), (B’) respectively. Let EZ, E’ be the mid- 
points of the segments CD, C’D’, and let Q be the trace of s ina. The three 
planes perpendicular to s at the points E, Q, E’ pass through the points B, A, B’ 
respectively, hence 


(1) QE = QE’. 


Since the point Q lies in the radical plane a of the two spheres, we have, both 
in magnitude and in sign, 


QC-QD = QC’-QD' 


or (QE + EC)(QE + ED) = (QE’ + E'C’)(QE’ + E'D’) 
or (QE + EC)(QE — EC) = QE’ + E'C’)(QE’ — EC’) 
or QE? — EC? = QE” — EC”. 


Hence, considering formula (1), EC?=E’C”; that is, the chords CD, C’D’ are 
equal. Thus: Any line of the complex of §4 determines equal chords in any two 
spheres whose centers are symmetrical with respect to the fixed point of the complex 
and whose radical plane coincides with the fixed plane of the complex. 

6. By reversing the steps in the above proof (§5) it may be shown that if 
a line determines equal chords in the two spheres (B), (B’), the line belongs to 
the complex of §4. Hence: The lines on which two given spheres intercept two 
equal chords form a tetrahedral complex. 

7. Consider all the lines ¢ in space such that the feet of the perpendiculars 
dropped upon them from a fixed point A lie on a given sphere (C). 

8. In order to find the configuration formed by the lines ¢ ($7) which pass 
through a given point M we observe that the foot of the perpendicular dropped 
from A upon # lies on the sphere (AM) having the segment AM for diameter 


1A tetrahedral complex is defined as the totality of straight lines which cut the four faces of a 
tetrahedron in four points having a constant anharmonic ratio. An example of a tetrahedral complex 
was discussed in this Monthly, vol. 21 (1914), pp. 287, 288, by D. N. Lehmer. 
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and also on the sphere (C), hence the lines ¢ passing through M project from M@ 
the circle common to these two spheres. Thus: The lines t (§7) passing through 
a given point form, in general, a cone of second degree. 

9. Let (L) be the circle of intersection of the sphere (C) with a given 
plane uw. If ¢ ($7) lies in this plane, the line AD joining A to one of the points 
of intersection, say D, of ¢ with (Z) is perpendicular to #, hence ¢ is also perpendi- 
cular to the line FD, where F is the projection of A upon the plane uw. What is 


the envelope of #? 
t D 


Ne 


Let F’ be the symmetric of F with respect to the center L of (L), and E 
the trace on ¢ of the parallel F’E through F’ to the radius LD. Since L is the 
mid-point of FF’, the line LD bisects the segment EF, say, in G, so that in the 
right triangle DEF we have DG =}3EF, and further GL=3EF’. Therefore 


FE + F’E=2DG + 2GL = 2LD. 


Thus the sum of FE and F’E is constant. 
We also have angle LDE=angle GED; hence ¢ is the external bisector of the 
angle FEF’. 

In the above figure the point F falls inside the circle (L). If F falls outside of 
(L), instead of the sum, it will be the difference of the segments FE, F’E that 
will be equal to the diameter of (ZL); and ¢ will be the external bisector of the angle 
FEF’. Thus: The lines t (§7) which lie in a given plane envelope, in general, a 
central conic. The circle common to the given sphere and the plane considered is 
the auxiliary circle of the conic. The projection of the given point upon the plane 
considered is a focus of the conic. 

10. The last two paragraphs (8, 9) prove the proposition: All the lines in 
space such that the feet of the perpendiculars dropped upon them from a given point 
lie on a given sphere form a tetrahedral complex. 

11. Consider all the lines m in space from which two given points A, B 
may be projected by two orthogonal planes. 
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The planes mA, mB being orthogonal, the perpendiculars AC, BD from A 
and B to the line m are also perpendicular to the planes mB, mA, respectively. 

(a). If C, D coincide, say, in W, then AW, BW are perpendicular to each 
other, and W is a point on the sphere (AB), having the given segment AB for 
diameter, the line m being the tangent to (AB) at W. 

It is readily shown that, conversely, if a tangent m to (AB) at a point W 
is perpendicular to AW, it is also perpendicular to BW, and therefore the two 
planes mA, mB are orthogonal. 

(b). If the points C, D are distinct, the line AC is perpendicular to the plane 
BCD=nB, and therefore to the line BC; hence the point C lies on the sphere 
(AB). Similarly for D. 

Conversely, suppose a line m’ meets the sphere (AB) in two points C, D, 
and the line AC joining one of them, say, C, to the point A is perpendicular to 
m’'. Then AC is perpendicular to both m’ and BC, hence to the plane BCD= 
m’B, and the two planes m’A, m’B are orthogonal. It may further be shown 
that the line BD is perpendicular to m’. 

It follows that the lines m considered are such that the feet of the per- 
pendiculars dropped upon them from the point A (or B) lie on the sphere (AB), 
where A is a point on that sphere. Hence (§10): The lines in space from which 
two fixed points may be projected by two orthogonal planes form a tetrahedral com- 
plex. 

12. The cone (P) formed by the lines of the complex (M) (§11) passes 
through the circles of intersection of the sphere (AB) with the two spheres 
having for their diameters the segments PA, PB (§8). The planes of these two 
circles are respectively perpendicular to the lines PB, PA. Thus the cone (P) 
is orthogonal and PAB is a plane of symmetry of this cone.! 

13. Consider any two orthogonal spheres (A), (B) having the given points 
A, B (§11) for centers. Let U, U’ be the points of intersection of the sphere 
(A) with a line m of the complex (M7) (§11) and let (Z) be the sphere having 
the segment UU’ for diameter. The radical plane of the spheres (A), (Z) passes 
through m=UU’ and is perpendicular to the line AE joining the centers A, 
E of the two spheres; hence this plane is perpendicular to the plane mA, and 
therefore coincides with the plane mB. Thus the sphere (B) has its center in 
the radical plane of the spheres (A), (Z), and is orthogonal to (A); hence (B) 
is also orthogonal to (E). Now m passes through the center of (£); hence the 
points of intersection V, V’ of m with (B) are harmonically separated by the 
points U, U’ common to m and (E£), or, what is the same thing, to m and (A). 
Consequently: Any line of the quadratic complex (§11) determines two harmonic 


1 Theodor Reye, Geometrie der Lage, fifth edition, vol. 1, p. 119. See also this Monthly, December, 
1916, p. 387. 
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chords in any two orthogonal spheres having for their centers the two fixed points 
of the complex. 

14. Let us now consider the converse proposition. Suppose a line » meets 
two given orthogonal spheres (A), (B) in two pairs of harmonic points U, U’; 
V,V’. The sphere (Z) having UU’ for diameter is orthogonal to (B), for the 
points U, U’ are inverse with respect to (E). Thus (B) is orthogonal to both 
(A) and (£), hence the center B of (B) lies in the radical plane of the two spheres 
(A), (Z). Now this radical plane UU’E=nB is perpendicular at the mid-point 
E of UU’ to the line of centers EA of these two spheres; hence any plane pas- 
sing through EA, and in particular the plane (”, EA) is perpendicular to mB, 
i.e., the planes which project from m the centers A, B of the two spheres are 
mutually orthogonal. Thus (§11): The lines on which two given orthogonal 
spheres determine pairs of harmonic chords form a tetrahedral complex. 

15. The line m=CD (§11) is perpendicular to both lines AC, BD; hence m 
is the line of their shortest distance. Furthermore the lines AC, BD are per- 
pendicular to each other. Hence the proposition ($11) may also be stated as 
follows: The line of shortest distance of two perpendicular lines which pass each 
through a fixed point forms a tetrahedral complex. 

By making use of the imaginary circle at infinity the reader may state this 
proposition in a projective form. 


THE OSCILLATION OF AN INFINITESIMAL BODY ATTRACTED 
BY THREE FINITE MASSES 


By W. L. DUREN, Jr., Tulane University 


1. Introduction. It is well known that three spheres placed at the vertices 
of an equilateral triangle with proper initial velocities will revolve in circles 
about their common center of gravity. We propose to investigate the motion 
of an infinitesimal! body placed at the center of gravity of such a system and 
given an initial velocity, vo, in a direction perpendicular to the plane of the 
motion of the finite bodies. In order to simplify the problem let us consider 
only the case of three equal spheres homogeneous in concentric layers. Then 
the three finite masses rotate about their common center of gravity in a circle 
whose radius may be taken as unity by a suitable choice of the unit of length.” 
Let the coordinates be referred to a set of axes so that the three bodies lie in 
the (é, 7) plane with the origin at the center of gravity. And let these axes be 
rotating about the ¢ axis with the same angular velocity as that of the three 


1 For the definition of an infinitesimal body, see F. R. Moulton, An Introduction to Celestial Me- 
chanics (1923), p. 277. 
Ibid., p. 311. 
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finite bodies so that the three bodies retain fixed positions with respect to the 
£ and 7 axes. It is evident then that the motion of the infinitesimal body will 
be restricted to the ¢ axis. 

2. The differential equations of the motion. Let the mass of each finite 
body be M. Then the differential equations of the motion of the body reduce 
to a single one: 


(1) d%/dt? = — + ¢?)-3/2; a’?=3M. 
We wish to integrate this equation subject to the initial conditions, ¢=0, 


d¢/dt=vo,t=0. The right hand member of (1) can be expanded into a power 
series in ¢ of the form: 


(2h +1 
where A = ( ( ) 
2*k! 


so that equation (1) may be written as 
(2) d%/d? = — a? DA 
k=0 


in which the right hand member converges for |¢| <r <1. 

3. Existence of power series solutions of this equation. Let us make 
the substitutions! ¢=e’z, t=(1+6)r. 

Equation (2) becomes: 


d*z/dr? = — (1 + 6)8a? 


k=0 


Now let us replace e’ by a parameter e which takes on small values. Then we 
consider the solution of the equation 


(3) dz/dr? = — (1 + 
k=0 


which, however, has a physical significance only when we replace ¢ by e’. We 
propose to integrate this equation subject to the initial conditions, 


(4) z=0, 2 =at+y, 7=0, 


where a is a constant and y is a variable parameter. Equations (3) and (4) are 
equivalent to the following set of equations: 


(5) dz/dr =v+at+y, 


(6) dy/dr = — a*z — 6a*(1 + — + 8)? ong re? 


k=1 


1 See F. R. Moulton, Periodic Orbits; Carnegie Institute of Washington, Publication No. 161 (1920), 
p. 155. 


: 
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and the initial conditions z=0, v=0, 7=0. We seek solutions of this equation 
as power series in e, 6, and y which vanish identically in e, 6, and y when r=0. 
The right hand members of (5) and (6) are regular for e=§=y =z=v=7=0. 
Hence (5) and (6) may be solved as power series in e?, 6, and y for z and v.! 
These solutions will be in the form 


57), = Pa(e?,6,7 57), 
where P; and P, denote power series and 7 does not occur explicitly. With the 
help of (5) these may be written in the form: 
(7) = 57), 
(8) 2’ = tat y, 


where 2’ denotes dz/dr. 
4. Determination of 5 to make these solutions periodic. If the solutions (7) 
and (8) are to be periodic in 7 with period T, it is necessary and sufficient that? 


(9) a(T + 7) — 2(7) =0, 
(10) +7) 2'(r) =0. 
In this special case we can show that these equations are not independent but 
that (10) is a consequence of (9). Substituting the result (7) in (9) we get 
Since this is an identity in r, when we differentiate with respect to r we get, 
by means of (5) and (8), 
+ 1) — Pale?,5,¥ jr) =0. 
This equation is equivalent to (10). 


Substituting the power series solution (7) in equation (3) and equating the 
terms independent of ¢, y, and 6, we get 


where 2p is the term of P; which is independent of e, 6, and y. The general solu- 
tion of this equation is 


zo = B,sin (1 + 6)ar + Be cos (1 + d)ar. 
Upon applying the initial conditions 29=0, zo’ =a+7, r=0 this becomes 


(11) zo = (a+ y)(1 + 6)—a7"! sin (1 + S)ar. 


1 This is a set of equations of type II according to F. R. Moulton, Periodic Orbits, p. 15. 

2 The symbol > is here used to mean, “equal identically in 7.” . 

3In a similar problem, D. Buchanan depresses the order of the system by a particular integral. 
See F. R. Moulton, Periodic Orbits, p. 326. 


= 
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We have shown that the first periodicity equation (9) alone is necessary and 


sufficient. Hence substituting (7) in equation (9) we obtain with (11) the equa- 
tion 


(12) 0 = (a + y)(1 + sin 24(1 + 6) + 


where Q); is a power series in e?, 6, and y, from which equation we seek to deter- 
mine the 6 and y as power series in e*. No solution of this equation giving y as 
a power series in é for an arbitrary value of 6 exists. For if 6 is not zero or an 
integer, y =e’=0 is not a solution as required by (7). If 6 is zero or an integer 
then for every value of y the linear term of (12) vanishes. 

We then turn to solving (12) for 5 as a power series in ¢?, setting y=0 
arbitrarily. A particular solution of this equation is e&=6=0. Moreover the 
partial derivative of the right hand member with respect to 6 is 


+ 6) cos + 5) — sin + 6)](1 + + €0i,(€?, 6,7). 


This does not vanish at ¢& = 5=0 except for the trivial case aa~!'=0. Hence we 
may solve equation (9) for 6 as a power series in e’, vanishing for e& =0 and 
convergent for sufficiently small values of ¢.! 

That is, the solution is of the form 


(13) 5 = e*p(e*), 


where p(e) is a power series. Moreover this solution is unique. Then for y=0 
and for the value of 6 from (13) we get a solution of (3) as a power series in 
e’ which is convergent in the neighborhood of e=0. And each term of this 


expression is separately periodic in t with period 27/a. This solution also satis- 
fies the initial conditions, 


(14) z=0, =a, r=0. 


5. Direct construction of the solution. We have shown that the equa- 
tions (3) and (4) can be satisfied by relations of the form 


j=0 jal 
Substituting these in (3) we get 
(16) = — + de? + + re? +---) 
i=0 T 


+ Ase%(zo + 


1 F, R. Moulton, Periodic Orbits, p. 326. 
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We seek to determine the z; and so to determine the 6; that the 2; will be 
periodic functions of r. From the explicit form of (15) we see that the initial 


conditions (14) are equivalent to conditions of the form, 
z=0, r=0, 
(17) 
=0, r=0, =1,2,3,---. 


Equating the coefficients of e° in (16) we get d*zo/dr? = —a’zo. The solution of 
this equation satisfying (17) is z9=aa~! sin ar. Equating the coefficients of ¢ 
we get 


and expressing 2° as a trigonometric sum in sines of odd multiples of ar, we get 
d°go/dr? = — — (2aad_ + sin ar + sin 3ar. 


In order that the solution of this equation be periodic, it is necessary and suffi- 
cient that the coefficient of sin ar vanish identically, namely that 6, = — 3a*a~*As3. 
Then a solution which satisfies the initial conditions and is periodic is 


Zo = 2-5a3a-343(3 sin ar — sin 3ar). 
Similarly 5, and 2; can be determined and it is found that 


54 = — 303-2-ata-4, 


1 41 40 £3 : 
— —— 4|—A? — —A; })sinar — (54 — 5A sin 3ar 
3 8 \2 


1/3 
24\ 8 


It is necessary to complete this method by showing by an induction that as 
many of the 62, and the z, may be calculated by this method as is desired. 
This will be done in the next paragraph. 

The solution of (3) can now be written out to three terms as follows: 


z = aa sin ar — sin ar — sin 3ar)e? 
— 2-%q5q-5(821 sin ar — 192 sin 3ar — 29 sin Sar)e*- - - ; 
and 6 is expressed to two terms by the following series: 
5 = 9-2-4a2a-%e? — 303-2-Mata-tet 
Now if we again set {=e’z, e=e’, ar=a(1+6)—%=ct, we get a solution having 
a physical significance once more. And differentiating with respect to ¢ we see 


that 
dg/dt = ¢'(dz/dr) = ¢'(dz/dr)(dr/dt) = ¢'ca~"(dz/dr). 


== 
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But when ¢=0, also r=0, d{/dt=v0, dz/dr =a, so that we have v1) =ae’c/a; and 
if we let ae’/a=v0/c =h, we get a solution of (3) in the form 


(18) ¢ = Asinct — 3-2-%3(3 sin ct — sin 3ct) 
— 2-1245(821 sin ct — 192 sin 3ct — 29 sin Sct) --- ; 
and c is given by the expression: 
= 31/2f1/2/[1 + (9/16) hk? — (303/1024)h*- - -]. 


The period of the solution (18) is T =2z7/c. 

6. The induction on the general terms of the solution. Let us assume 
that 22; and 6; have been determined up to and including 2,2 and 62,2, that 
is for 7=1, 2,---,(r—1), and let us further assume that they have the 
following properties: 

(i) The 62; are not all identically zero and depend upon a, a, and A3;-1. 

(ii) The 22; are not all identically zero and are functions of 7 as trigonometric 
sums of sines of odd multiples of a7, the highest multiple being (2r—1) ar. 

We propose to show that the 6, and 22, can then be determined and that 
er is a trigonometric sum of sines of odd multiples of ar, the highest multiple 
being (2r+1)ar. By equating the coefficients of € in (16) we see that 5, and 
Ze, must satisfy an equation of the form 


Now since the expansion in the right member of (3) proceeds in odd powers of 
z we see that R2,(z2;, 52;) is a polynomial in 2; of degree not greater.than 2r+1 
and having each term of odd degree in 2;; and by property (ii) R2, may be 
regarded as a polynomial in sin ar with coefficients involving a, a, and A2j4. 
Since such a polynomial can always be expressed as a trigonometric sum of 
sines of odd multiples of a7 of order not greater than 27+1, equation (19) 
takes the form 


(20) d°zo,/dr? = — a°Zo, — (20% — a? — sin ar 


Au 


To41[sin (2k + 1)ar, 


wherein A+yu=7, ¢,=2 if \¥u and q,=1 if \=y, and £2, is the constant 
coefficient of sin ar in the development of R2, in a trigonometric sum. T2,41 
is a trigonometric sum of order 27+1 having coefficients involving the 6.; and 
in which k=1, - - -,v. If the solution of (20) is to be periodic it is necessary and 
sufficient that the coefficient of sin a7 vanish, that is that the following equation 
holds: 


(21) 252 + + Eo, = 0. 
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This equation is linear in &,, and 6:, can always be determined uniquely from 
it by property (i). With equation (21) satisfied, the differential equation (20) 
can always be solved subject to the initial conditions given. Moreover the 
solution will be periodic and %, will be expressed as a trigonometric sum in 
sin (2j+1)ar, where 7=1, 2,---, 7 at most. Hence the induction is complete 
and the construction may be carried as far as is desired, each term having the 
properties mentioned above. 


QUESTIONS AND DISCUSSIONS 


Epitep By H. E. BucHANAN, Tulane University, New Orleans, La. 


The department of Questions and Discussions in the Monthly is open to all forms of activity 
in collegiate mathematics, including the teaching of mathematics, except for specific problems, especially 
new problems, which are reserved for the separate department of Problems and Solutions. 


QUESTION 


57. A reader of this Monthly desires information as to the literature and 
some discussion of a certain configuration in S$; arising out of a “complete 
pentrahedral” and, of course, dualizable for a complete pentagon. When the 
planes 1, 2, 3, 4, 5 of a complete pentahedral meet by threes in space, in ten 
points (ijk), there is formed in each plane a complete quadrilateral by the lines 


(135) 1 (124) 


(235) 


(125) 1 (134) 


in which it meets the other planes. The configuration referred to is formed by 
the 15 diagonals, three in each plane, of these quadrilaterals. Their connections 
are shown in the appended diagram, in which accidental crossings of lines not 
corresponding to intersections in space are marked in the electric engineer’s 
way. The skew polygons of the least number of sides meeting in each vertex 
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are six pentagons, and there are, in all, twelve pentagons. The number of ver- 
tices and lines is half that of a dodecahedron and one is tempted to use the latter 
as a diagram, with certain instructions as to the pairing of vertices and edges. 
The lines (“diagonals”) are indicated in triplets by the numeral of the plane 
in which they lie. In the actual configuration, and as it happens, in two cases 
out of three in the diagram, each pair of diagonals of the same numeral divides 
the third harmonically. What about the group theory? 


DISCUSSION 


A NOTE ON BERTRAND CURVES 
By Harotp L. Dorwart, Williams College 


Almost everyone who has done any reading in differential geometry knows 
of the interesting class of curves whose principal normals are the principal 
normals of other curves. These are commonly known as Bertrand curves from 
the study of them which M. J. Bertrand has made in a part of his Mémoire sur 
la théorie des corbes 4 double courbure in Liouville’s Journal de Mathématiques, 
volume 15 (1850). It is the purpose of this note to point out that the names of 
two other men might also be associated with these curves. 

It was Saint-Venant who first raised the question of the existence of these 
curves in his Mémoire sur les lignes courbes non planes in the Journal de |’Ecole 
Polytechnique, volume 18 (1845). In a footnote on page 48 he asks: “Sur la 
surface gauche formée par l’ensemble des rayons de courbure d’une courbe 
donnée, peut-on tracer une seconde courbe dont les génératrices de la surface 
soient aussi les rayons de courbure?” 

The principal result that M. Bertrand found in his Mémoire, published in 
1850, was that the curvature and torsion of these curves satisfy a linear relation 


(a/p) — (C/R) = 1, 


to use his notation (page 348, line 10), where a and C are constants, p is the 
radius of first curvature, and R is the radius of second curvature or torsion. 
This formula, however, or rather it’s equivalent, had already been published by 
M. O. Bonnet in his Mémoire sur la théorie générale des surfaces in the Journal 
de l’Ecole Polytechnique, volume 19 (1848). On page 136, line 2, one finds 


tang@ = + arR-(r — 
which can be easily written 
+(a/tan = 1. 


On page 135, the angle ¢, which is the angle between the osculating planes of 
a Bertrand curve-pair, is shown to be constant; a denotes the constant distance 
between the two curves, 7 the radius of first curvature, and R the radius of 
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second curvature. Hence, placing a/tan ¢ = +C, this formula is identical with 
the formula of M. Bertrand. 

That M. Bonnet felt there was a question of priority here is shown in a 
portion of one of his letters to M. A. Mannheim which M. Mannheim has re- 
printed in his Note sur Géométrie in Comptes Rendus,! volume 85 (1877), page 
788. 


Vous avez annoncé |’intention de revenir, dans vos intéressantes études relatives aux surfaces ré- 
glées, sur les propriétés de la surface lieu des normales principales communes 4 deux courbes. Vous 
m’obligeriez beaucoup, si vous mettez votre projet 4 exécution, de vouloir bien signaler quelques 
réclamations de priorité que le manque d’occasion favorable m’a jusqu’ici empéché de produire. 


La formule que vous attribuez' 4 M. Bertrand se trouve dans mon premier Mémoire . . . . publié 
en 1848,.... 


Of the well known writers on differential geometry, Scheffers is the only one 
who mentions Saint-Venant, and Darboux is the only one who mentions Bonnet 
in connection with the Bertrand curves. 

In conclusion it might be well to state that the study of these curves, as 
well as the study of many curves more or less closely connected with them, has 
been greatly simplified by the introduction of the moving trihedral. 


UNDERGRADUATE MATHEMATICS CLUBS 
All reports of club activities should be sent to H. J. Ettlinger. 3110 Harris Park Ave., Austin, Texas. 
CLUB ACTIVITIES 


THE JUNIOR MATHEMATICS CLUB OF THE UNIVERSITY OF WISCONSIN, 


Madison, Wisconsin. 
The officers of the Junior Mathematics Club of the University of Wisconsin for the year 1926-1927 

were: President, Karl Jansky; vice-president, Bertha Furminger; secretary-treasurer, Peter Finstad. 
The following programs were given: 

October 7, 1926. Business Meeting. Plans for the year were discussed. 

October 12. Annual fall picnic. 

October 21. “American mathematicians” by Professor E. B. Skinner. 

November 4. Business meeting and reception of new members. 

November 18. Illustrated lecture “The history of mathematics” by Professor Arnold Dresden. 

December 2. “Crinkly curves” by Professor L. W. Dowling. 

December 16. First annual banquet. “Unilateral and bilateral surfaces” by Professor E. B. Van Vleck 
who was the guest of honor. 

February 17, 1927. “The effect of the thermal coefficient on the piezo-electric effect in quartz” by Mr. 
Harold Osterberg. 

March 3. “Solid geometry” by Professor W. W. Hart. 

March 14. “Theoretical study of quartz electric oscillators” by Professor E. M. Terry of the physical 
department. 

April 21. “Unicursal quartics” by Miss Sara Zinder. 

May 5. “Some classified problems in applied mathematics” by Professor H. W. March. 

May 19. Election of officers and social hour. Professor Arnold Dresden was the honor guest. 

June 1. Joint picnic with Senior Mathematics Club. 

(Report by Professor Skinner) 


1 Comptes Rendus, volume 85 (1877), page 213. (The reference here is to the formula of Bertrand 
given above.) 


i 
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THE MATHEMATICS CLUB OF SAINT STEPHEN’S COLLEGE, Annandale- 
on-the-Hudson, New York. 


On Thursday evening, February 9, 1928, a mathematics club was formed at Saint Stephen’s College 
under the supervision of Dr. Phalen. Twenty-two men were enrolled in the organization as charter 
members. The following officers were elected: President, Harry Dillin (’28); Vice-President, Charles 
Miller (’30); secretary, Walter Lemley (’30); treasurer, John Hagen (’30). Dr. Phalen explained the 
purpose of the Club and a program committee was appointed to draw plans for future activities. The 
first regular meeting was held in the Students’ recreation hall. The following program was given: 

1, “Pythagoras and his school” by Harry Dillin (’28). 
2. “Duplication of the cube by the cissoid of Diocles” by Charles Miller (’30). 
3. “Mechanism and use of the star clock” by William Meissner (’31). 
(Report by Walter H. Lemley (’30)) 


THE MATHEMATICS CLUB OF HUNTER COLLEGE, New York City. 


Officers of the Club at the Main Building: Antoinette Finocchi, president; Rose Klein, vice- 
president; Lillian Abramowitz, treasurer; Rosemary Tighe, secretary; Margaret Hosey, publicity 
manager; Dr. Lester S. Hill, faculty adviser. 

For the first time in the history of the club, all meetings of a year were devoted to the systematic 
discussion of a single topic. Operations in finite algebraic fields were studied, and the resulting geometry 
of finite sets was developed to a considerable extent. Fields were treated in which the number of elements 
was any positive integral power of a prime positive integer. The principal object of the symposium 
was to emphasize that projective geometry can be regarded as the mere picturization of the relations 
of algebraic forms. Those elementary non-metric theorems of ordinary familiar projective geometry 
in the plane which are direct consequences of the properties of linear and quadratic forms were derived 
and illustrated with particular care in the finite domain. Students presented the papers at every meeting 
and the program worked out with marked success. Two prizes were offered for the solution of the prob- 
lems, one of which was related to the topic under discussion during the year. These prizes were won by 
Rose Klein and Florence Simon. 

Each semester, there has been a large and enthusiastic audience to greet an outside speaker. On 
December 2, Mr. Frank C. Higgins addressed the club on the topic: The 47th Problem of Euclid, its 
Influence on Religion and Philosophy. On February 24, Dr. R. C. Archibald of Brown University in- 
spired us with a talk on Egyptian Mathematics. The social activities have included a party at the be- 
ginning of the year for all club members, and for the freshmen, a theater party and several informal teas. 

Hunter College now has three centers outside the Main Building and in each of these there has been 
an active club with a member of the faculty as adviser. The topics have been varied and have been pre- 
sented by the faculty, students and outside speakers, including Mr. John A. Swenson of Wadleigh 
High School, and a representative of the Keuffel & Esser Co. A special feature of this club work has 
been the assigning of a problem for solution at each meeting. 

(Report by Professor Lao G. Simons) 


THE MATHEMATICS CLUB OF WESLEYAN COLLEGE, Macon, Georgia. 


The officers for the year 1927-1928 were: Mary Brooks Lester, president; Geraldine Wheeler, vice- 
president; Essie Mae Cobb, secretary; Margaret Newton, treasurer. 
The programs for the club for 1927-1928 were as follows: 
September 26, 1927. Election of officers. “Suggestive topics for discussion by the club” by Miss Edna 
Day. 
October 24. “Multiplication methods” by Mae Ainsworth. “Magic squares” by Florimel Williams. 
December 5. “The three unsolvable problems” by Geraldine Wheeler. 
February 23, 1928. “Short cuts in arithmetic” by Miss Edna Day. 
March 12. “Civic values in the study of mathematics” by Vivian Majors. 
“Geometric fallacies” by Edith Partin. “Calculating prodigies” by Estelle Perkins. 
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April 26. Picnic at Brown’s Mountain. 
The following officers were elected for the year 1928-1929: Geraldine Wheeler, president; Mary 
Brooks Lester, vice-president; Agnes Kelly, secretary; Estelle Perkins, treasurer. 
(Report by Miss Essie Mae Cobb) 


THE MATHEMATICAL CLUB OF HARVARD UNIVERSITY, Cambridge, Massa- 
chusetts. 


During the year 1927-1928, the officers of the club were: Mr. C. I. Lubin, president; Mr. G. Bailey 
Price, secretary-treasurer; Professor Marston Morse, faculty adviser. 
The programs of the club for 1927-1928 were as follows: 
October 19, 1927. “Some aids in the study of mathematics” by Professor W. F. Osgood. 
November 2. “Discontinuities of surface potential” by Mr. J. J. L. Hinrichsen. 
November 16. “Mathematical impressions in Italy and France” by Professor J. L. Coolidge. 
November 30. “Bicircular quartics” by Mr. Morris Marden. 
December 14. “The 27 straight lines in the general cubic surface” by Mr. A. E. Currier. 
January 4, 1928. “Integral curves through singular points of differential equations” by Mr. A. B. Brown. 
January 18. “Function space” by Mr. S. S. Cairns. 
February 15. “Linear diophantine equations” by Mr. J. K. Peterson. 
February 29. “Bounded analytic functions” by Professor C. Caratheodory, visiting lecturer from the 
University of Munich. 
March 14. “Poincaré’s last geometric theorem” by Mr. C. N. Liu. 
March 28. “The mathematics of wave mechanics” by Professor J. C. Slater. 
April 25. “Transcendental numbers” by Mr. Charles Wexler. 
May 9. “Weierstrass’ continuous non-differentiable function” by Mr. O. J. Farrell. 
May 23. “A problem in maxima and minima” by Professor Norman Miller of Queen’s University, 
Kingston, Ontario. The winners of the Robert Fletcher Rogers Prizes were announced as follows: 
Mr. O. J. Farrell, first prize; Mr. S. S. Cairns, second prize, Mr. A. E. Currier, honorable mention. 
The following officers were elected for the year 1928-1929: Mr. G. Bailey Price, president; Mr. 
G. A. Hedlund, secretary-treasurer; Professor M. H. Stone, faculty adviser. 
(Report by G. Bailey Price) 


THE MATHEMATICS CLUB OF THE NORTH CAROLINA COLLEGE FOR WOMEN, 
Greensboro, North Carolina. 


The officers of the club for the year 1927-1928 were: Elizabeth LeRoy (’28), president; Doris 
Hanvey (’28), vice-president; Tivila Mae Darden (’30), secretary-treasurer; Dallie Smith (’28), chair- 
man of the program committee. 

The club held monthly meetings with the program as follows: 

October, 1927. “The history and calculation of x” by Doris Hanvey (’28). 

“Two geometrical fallacies” by Margaret Redwine (’30). 

November. “The historical development of logarithms and their computation” by Ethel Spruill (’29). 

“On a circle attached to a collapsible 4-bar” by Dr. H. Barton. 

“Two arithmetical tricks” by Virginia Tucker (’30). 

December. “The life and works of Archimedes” by Ethel Spruill (’29). 
“Magic squares” by Sallie Smith (’28). 
February 1928. Initiation of new members. Social. 
March. “Some old books on arithmetic” by Sallie Spratt (’29). 
“The slide rule” by Bertha Barnwell (’29). 
April. Illustrated lecture on Astronomy by Professor C. Strong. 
May. Election of officers. The officers for 1928-1929 are: Sallie Spratt (’29), president; Louise Leary 

(’30), vice-president; Olive Renfroe (’31), secretary-treasurer. 

(Report by Professor H. Barton) 


482 UNDERGRADUATE MATHEMATICS CLUBS [Nov., 


THE NAPIERIAN CLuB, DE Pauw UNIveErRsirTy, Greencastle, Indiana. 


The officers for the year 1927-1928 were: President, Hugh N. Spohn (’28); vice-president, Mary L. 
Thomas (’28); secretary, Mary E. Cline (’28); treasurer, Ralph Ring (’28). 
The following programs were given at the regular monthly meetings: 
October 13, 1927. Selection of new members. Grades were considered. 
“Different transformations” by Professor W. C. Arnold. 
November 3. “The history of the Napierian Club” by Mary E. Cline. “The life and works of John 
Napier” by Mertion A. Lish. 
January 5, 1928. “History of mathematics” by Charles La Hue. “Number scales” by Professor H. E. H. 
Greenleaf. 
January 19. “Note on knots” by Geneva B. Annis. 
March 8. “The making of maps—military style” by John C. Gregory. 
April 5. Book review of “Flatland” by Christina E. Scull. “Mathematics in manufacturing” by Everett 
C. Tranbarger, given by Alfred L. Vaughan. 
May 3. “Fourth dimension” by Wendell H. Furry. “Mathematical absurdities” by Karl L. Flanigan. 
May 24. Election of officers. 
(Report by Mary E. Cline) 


MATHEMATICS CLUB OF NORTHWESTERN UNIVERSITY, Evanston, Illionis. 


During the year 1927-1928 the officers of the club were: President, Violet M. Andrews; vice- 
president, John O. Chellevold; secretary, Evelyn Frank; treasurer, Pearl Bierman; faculty adviser, Dr. 
Lois Griffiths. Meetings were held fortnightly and refreshments were served during a social gathering 
before each program. 

The program for the year 1927-1928 was as follows: 

November 16, 1927. “Maxima and minima” by Professor D. R. Curtiss. 
December 1. “Synthetic discussion of conic sections” by Violet M. Andrews. 
December 15. “Simple inequalities relative to a circle” by Professor H. A. Simmons. 
January 19, 1928. “Pythagorean triads” by Edwin Comfort. 
February 16. “Approximation to a power series by means of continued fractions” by Dr. Wall. 
March 1. “Trisection of angles” by D. R. Clark. 
March 15. “Types of indeterminate equations” by Elizabeth Williams. 
March 29. “Congruences” by Albert May. 
April 19. “Hyperbolic functions” by John Chellevold. 
May 3. “A particular solution of a three-body problem” by H. Glenn Peebles. 
May 24. The annual Mathematics Club picnic at Cook County Forest Preserve. 
(Report by Violet M. Andrews) 


THE MATHEMATICS CLUB OF THE EASTERN ILLINOIS STATE TEACHERS 
CoLLEGE, Charleston, Illinois. 


Early in the school year the mathematics students of the college met and organized a mathematics 
club. The club had a membership of fifty students and teachers and held ten meetings throughout the 
school year with an average attendance of forty-one. 

The program for the year 1927-1928 was as follows: 

December 16, 1927. Organization meeting. 

December 21. Business meeting with election of officers for the year 1927-1928. President, Cyril Reed; 
vice-president, Dwight Reed; secretary-treasurer, Lola Redden; program committee, three above 
officers, Lowell Story, Mildred Lacey; faculty member, Mr. E. H. Taylor. 

January 11, 1928. “Mathematics in the German schools” by Mildred Lacey. “Fourth dimension” by 
Cyril Reed. “Mathematical recreation” by Samuel Mitchell. 

January 18. “Perpetual calendar” by Ernest Ballard. “Non-Euclidean geometry” by Lola Redden. 
“Geometrical inconsistencies” by Thelma Quicksall. 
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February 8. “Pythagoras and the Pythagorean Club” by Rex Murray. “Introduction to infinity” by 
Hubert Schmidt. “Mathematical wrinkles” by Nolan Sims. 
February 22. An old time ciphering contest between teams from the seventh and eighth grades and 
from each class in high school and college. 
Winning team—Lowell Story, Dwight Reed—College Seniors 
Individual Honor—Lucille Vanatti—High School Sophomore 
March 21. (By the faculty members) “One hundred eighty six thousand” by Mr. Spicer. “Application 
of mathematics to business” by Mr. E. H. Taylor. “A paradox party” by Miss Alice Daniels. 
April 16. “History of geometry” by Helen Sheehan “History of algebra” by Walter Van Dyke. “Mathe- 
matical recreation” by Dwight Reed. 
May 3. “Ethical end of mathematics” by Burnis Hostetler. Election of officers for the year 1928-1929: 
President, Nolan Sims; vice-president, Burnis Hostetler; secretary-treasurer, Hazel Hicks. 
May 28. Club picnic. 


(Report by Lola Redden) 


THE MATHEMATICS CLUB OF GEORGE WASHINGTON UNIVERSITY, Washing- 
ton, D. C. 


The club was organized on October 6, the following officers being elected for the academic year 

1927-1928: Mr. Michael Goldberg, president; Mr. B. Z. McLeroy, secretary. 
The program for the year 1927-1928 was the following: 

October 6, 1927. “The Platonic and Archimedean solids” by Mr. Michael Goldberg. 

October 20. “Mathematical puzzles” by Professor P. J. Federico of G. W. U. 

November 2. “Pythagorean numbers” by Mr. B. Z. McLeroy. 

November 16. “Restricted constructions” by Mr. Michael Goldberg. 

November 30. “The operational calculus” by Professor C. L. Frederick of G. W. U. 

December 14. ”The principle of virtual work” by W. E. Deming of the Fixed Nitrogen Laboratory, 
American University, Washington, D. C. 

January 11, 1928. “The geometry of plane transformations” by Dr. Tobias Dantzig of the University 
of Maryland. 

February 1. “Summable series” by Professor W. J. Berry. 

February 15. “Newton’s classification of cubics” by Professor P. J. Federico. 

February 29. “Some simple finite groups” by Professor F. E. Johnston. 

March 14. “Poles and polars” by Mr. M. C. Simmons. “Nim, a mathematical game” by Mr. Michael 
Goldberg. 

March 29. “Hyperbolic functions” by Professor J. T. Erwin. 

April 18. “Fermat’s last theorem” by Mrs. Lenora H. Jones. 

May 9. “Matrices” by Dr. Tobias Dantzig of the University of Maryland. 

(Report by Michael Goldberg) 


IRRATIONAL CLUB, UNIVERSITY OF WYOMING, Laramie, Wyoming. 


The Mathematics Club, known as the Irrational Club, of the University of Wyoming presented 
a varied program during the year 1927-1928. The officers for the year were: Jack Stenberg, president; 
Ruth Williams, vice-president; Chauncey Griswold, secretary-treasurer. 
The program for the year was as follows: 
October 12, 1927. The election of officers, followed by social hour. 
October 27. “History and purposes of the club” by Jack Stenberg. “Frederick the Great and mathe- 
matics” by Chauncey Griswold. 
November 17. “Space navigation” by Philip Pepoon. Algebraic ciphering match. 
December 8. “Slide rules and their uses” by Professor J. C. Fitterer. 
January 20, 1928. “The fourth dimension” by Professor O. H. Rechard. 
February 3. “Mathematics and chemistry” by Mr. Kemp. 
February 14. Social evening; mathematical recreations. 
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March 1. “Hyperbolic functions” by Miss Condit. “The nine-point circle” by Mr. Morgan. 

April 12. “Mathematics as applied to military tactics” by Captain R. R. Ring. 

April 26. “Napier’s bones” by Mr. Ikuno. “The derivation of Pi” by Miss Morrow. “Life history of 
Sir Isaac Newton” by Mr. Achenbach. 

May 15. “Some solutions of the cubic equation” by Miss Neubauer. “The measurement of the diameter 
of a star” by Mr. Pfeifer. “Continued fractions” by Mr. Taylor. 

May 29. A beef-steak fry in the mountains. 

(Report by Chauncey Griswold, Jr.) 


THE Put Cut Mu CLusB oF WASHINGTON AND JEFFERSON COLLEGE, Wash- 
ington, Pennsylvania. 


It has been the custom of this club to hold one meeting each month and to have only one paper 
presented at each meeting, followed by a free for all discussion, which is generally finite but unbounded. 
The following papers have been presented by undergraduates since last report: 

i. “An elementary exposition of statistics” by John H. Miller. 

2. “The place of chemistry in medicine” by Harry Lachman. 

3. “A new system of coordinates, and its value in geometry of inversion” by J. Knox Long. 
4. “Isotopes” by W. H. Kunkelman. 

5. “Speed of reaction in catalysis” by Patsy Briola. 

6. “Progress in chemistry” by Perry Volpitto. 

7. “The duodecimal system” by Walter A. Hawkinson. 

8. “Progress of mathematics in America” by Fred K. Voehl. 

The last meeting of the club was held May 15. The officers for the year 1928-1929 are: A. B. 
Bowden, president; Paul Jose, secretary-treasurer. 

(Report by Professor C. S. Atchison) 


RECENT PUBLICATIONS 


EDITED BY RoGER A. JoHNSON, Hunter College, New York, N.Y., to whom books and com- 
munications should be sent. 


REVIEWS 


The Mathematics of Statistics. By RoBERT WILBUR BuRGEss. Boston, Hough- 
ton Mifflin Company, 1927. viii+304 pages. 


The special aim of this book as stated in the preface is “to bring together 
the practical and the mathematical methods of approach to statistical analysis.” 
It is fairly obvious that previous authors have tried to do this, but the author 
of the present book seems peculiarly qualified to do so because of his success- 
ful experience both as a teacher of mathematical statistics and as a practical 
statistician. If the special aim is carried out more effectively in this book than 
elsewhere, the publication seems worth while in spite of the recent large scale 
production of elementary textbooks on statistics. 

A general elementary treatment is given with illustrations from many fields, 
such as biometry, education, economics, and business administration. The fea- 
ture of the book which impresses the reviewer most favorably is the method of 
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presentation of regression and trend lines preliminary to correlation. This 
procedure tends to emphasize functional relationships in advance of the cor- 
relation coefficient. The treatment of regression includes, besides the linear 
case, the determination of the constants for parabolic regression y =ax?+bx+c, 
with auxiliary tables to facilitate the computation in the case of historical series. 
Various devices for the treatment of seasonal variation are given with suggestive 
comments on the merits of the devices. In sampling theory, the elementary 
ideas are discussed but the treatment lacks precise criteria for simple sampling. 
The standard deviation of the binomial distribution and the probable error 
of the arithmetic mean are derived. 

Chapters II and III do not come up to expectations of the reviewer, es- 
pecially from the standpoint of presentation for beginners. It is his judgment 
that Chapter II on “Ratio or Percentage Analysis” would be much improved 
by putting to the front the type of concrete data to be analyzed instead of 
putting ratios or percentages to the front. Thus, if we should start with the 
four typical situations indicated near the top of p. 40, the common sense meth- 
ods of analysis by the use of relative numbers, i.e., ratios and percentages, 
would suggest themselves very naturally. Again, the usefulness of the chapter 
would not be impaired by the omission of certain advice about fairly obvious 
matters. For example, it seems unnecessary to tell us that (p. 16) “an investi- 
gator should not find the ratio of a to } unless he thinks the meaning of the 
facts can be brought out more clearly in that way.” 

In Chapter III on “The Combination of Ratios” the beginner is likely to 
accept the treatment as being more general than it is because the limitations 
on the process of combination developed are not given sufficient prominence. 

From the teaching standpoint, the usefulness of the book would be in- 
creased by giving the data on more of the problems instead of requiring a search 
for the data. For example, we find (Prob. 2, p. 40) such problems as the fol- 
lowing: Analyze the expenditure of the United States Government over a series 
of years. Searching for such data without references will probably take more 
time than can be wisely given to the collection of data in a first course on Mathe- 
matical Statistics. This need for data could be supplied by a small supplemen- 
tary problem book. 

H. L. RIEtz 


Advanced Algebra. By Herpert E. Hawkes. Revised Edition. Boston, 
Ginn and Company, 1928. xxii+299 pages. 
There are many changes in the revised edition of Hawkes’ Advanced Algebra. 
There has been considerable rearrangement of material. The chapter on varia- 
tion has been combined with that on ratio and proportion; the chapter on graph- 
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ical representation has been distributed among several chapters; a condensed 
treatment of the fundamental concepts and the paragraphs on linear equations 
have been inserted in the chapter on equations; and nearly all of the part on 
quadratic equations together with some of the theorems from the chapter on 
quadratics form a new chapter entitled “Properties and Graphs of Quadratic 
Equations.” Logarithms have been moved from the latter part of the book to a 
place after the theory of indices. Combinations and permutations, with prob- 
ability, form a chapter which follows the theory of equations. These are all 
changes which lend greater naturalness to the order of topics. 

The parts omitted are largely those which we have found it desirable to 
pass over or touch lightly in using the text in a half-year college course. Equiva- 
lence of pairs of quadratic equations, several proofs of theorems by induction, 
a paragraph on solving equations when two roots are nearly equal, the evalua- 
tion of a determinant by factoring, and the chapter on inequalities will not be 
missed. But we wonder at the omission of polar representation of complex num- 
bers and all that goes with it. 

One might expect the problems in a book written about twenty-five years 
ago to be old-fashioned, but this is not particularly true in this case. The author 
has however deemed it advisable to write entirely new but similar sets of exer- 
cises. Bicyclists become automobilists, and motion pictures and airplanes have 
a place. Also a few sets of oral exercises are introduced. Trigonometric functions 
are defined in the chapter on logarithms, and a table of logarithms of trigono- 
metric functions is added. Systems of linear equations whose determinants are 
zero are given a paragraph in the proper chapter. The difficulties of “‘variable”’ 
and “unknown” are smoothed by careful differentiation and correct use of 
these terms. There are other minor changes, too numerous to record here. 

It is not a very different book; but a successful text on this subject, which 
was carefully written in the first place, should not need much revision. Those 
who have the old edition do not need to replace it, but the new one is a better, 
more teachable book. 


G. A. HEDLUND 


The Early Mathematical Sciences in North and South America. By FLORIAN 

Cajori. Boston, Richard G. Badger, The Gorham Press, 1928. 156 pages. 

In the history of education in the American colonies and earlier settlements 
on American soil, there has been, of recent years, a keen interest. Many studies 
of these educational aspects have appeared in magazine articles, bulletins of the 
Bureau of Education, and essays within the covers of a book. In these studies, 
the mathematical sciences have come in for a share of attention; but the work 
under review is the first output of a serious nature bearing directly on these 
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early efforts. It shows that much of this work was the product of European 
talent, in some instances that of men sent over on a special mission, although 
some of it was achieved by men born and educated in America. The amount of 
so-called pure mathematics was negligible. 

The author characterizes his style in this work in the words: “snapshots of 
practices and achievements, here and there.” Each chapter starts with certain 
introductory remarks which give an explanation of the subject matter and cite 
some historical references, as with “orreries.” And this introduction is followed 
by an account of the beginnings of the subject on American soil. In passing, 
when the doctors disagree, it is open to question whether an author should 
state that “a set of data --- point unmistakably to the conclusion that our 
$ or $” is this or that. The justification of such statements lies in the evidence 
the book offers of the most painstaking examination of a great number of sec- 
ondary sources. There has hereby been made available an immense amount of 
valuable and interesting material not generally accessible, at any rate to the 
teacher of the history of mathematics. The work is interesting to the lay reader 
as well as to the reader more directly concerned with mathematical affairs. 

The contents are: Mathematics, Practical Astronomy and Surveying, 
Survey and Maps, Meridian Measurements of the Earth, Transit of Venus, 
1761 and 1769, Comets, Almanacs, Orreries, Earliest Permanent Observatory 
in America, Physics, Societies, Academies and Journals. The work has some 
thirty-two illustrations covering portraits, instruments, maps, and original 
documents. At the end of each chapter, there is an excellent bibliography 
which constitutes the sources from which the material has been drawn. 

Lao G. SIMoNs 


Graphical Mathematics. By T. R. Running. New York, John Wiley and Sons, 

1927. 89 pages. Price $1.75. 

The present book is an introduction to the use of graphical methods, par- 
ticularly in performing integrations and finding derivatives and in the solutions 
of differential equations. This principal part of the treatment may be considered 
as supplementing the first course in calculus, in much the same way that the 
usual chapter on empirical equations in our analytic geometry texts supple- 
ments the standard treatment of the straight line, circle, and conics. Graphical 
integration and differentiation is developed chiefly as a tool for the use of prob- 
lems arising from experiment or observation. 

The method of presentation is wholly that of working out in detail many 
illustrations covering the methods to be used. The illustrative examples are 
well chosen and clearly set forth, so that the problems at the end of each chapter 
may be solved by the models given in the text as a pattern. 
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Chapters II, III, IV deal with elementary analytic geometry methods for 
constructing charts, by means of which one may read off the results of substi- 
tution into formulas, or whereby one may readily obtain numerical solutions, 
real or imaginary, of the quadratic, cubic, or biquadratic equations. Chapter 
I gives a point-by-point method of plotting the general equation of the second 
degree. The method is that of finding the slope of the curve, dy/dx, as a frac- 
tion whose numerator and denominator are linear in x and y. This yields im- 
mediately a pair of conjugate diameters for the central conics, from which the 
center may be found, and then the axes as the pair of perpendicular diameters 
which are conjugate. By “reflecting” in these diameters, one may start with the 
X and the Y intercepts of the curve and without further numerical work ob- 
tain a considerable number of other points. For the parabola, the above 
method yields the axis of the parabola. For the hyperbola, after the center is 
found, the asymptotes are obtained by using dy/dx asa slope. For this chapter, 
the only preparation necessary is that of the knowledge of differentiating a 
positive integral power. Chapters V, VI, VII are essentially based on “count- 
ing squares.” This is accomplished by using step functions as approximations. 
The natural and historical procedure of treating integration first is followed. 
Simpson’s rule is used in connection with the solution of differential equations. 

The reviewer has emphasized the elementary character of the author’s 
treatment to exhibit the fact that these methods are available for freshmen 
and sophomores as well as juniors, assuming that in some institutions an 
elementary course in calculus comes at the close of the first year. The book is 
to be recommended for use where graphical methods are desired to supplement 
the usual calculus course. In his preface, the author emphasizes very properly 
the importance of “allowable error” and “close approximation.” Would it not 
therefore be desirable to include at each stage some expression for the “limit 
of error”? 

H. J. ETTLINGER 


Spherical Harmonics. By T. M. MAcCRoBErt. New York, E. P. Dutton and 

Company, 1927. xii+302 pages. 

In considering a book like MacRobert’s Spherical Harmonics, it is necessary 
to keep in mind the author’s expressed or apparent aim in writing it. Professor 
MacRobert defines his purpose in the opening sentence of his preface: “The 
writing of this book was undertaken with the object of providing a text-book 
on the elements of the theory of the Spherical Harmonics, with applications to 
mathematical physics, so far as this could be done without employing the 
method of contour integration.” The author has given us, as a consequence of 
this point of view, a companion to Gray and Matthews’ well-known text on 
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Bessel functions, in the second edition of which he collaborated; and, in the 
field of spherical harmonics, will thus render a service comparable to theirs in 
the realm of Bessel functions. 

The study of the spherical harmonics and their applications is wisely intro- 
duced by a brief account of the theory of Fourier series together with applica- 
tions to problems of heat flow and elastic vibrations; the theory of the trans- 
verse vibrations of a stretched elastic string certainly affords the clearest in- 
sight into the mathematical facts and methods which are to be encountered 
in later chapters. With the fourth chapter the consideration of the main sub- 
ject matter begins. The functions of Legendre are discussed at length and are 
then applied to the various kinds of spherical harmonics occurring in problems 
of gravitational and electrostatic potential theory. The material covered is 
classical. At the close of the book, there are three chapters on Bessel functions. 
An admirable feature is the introduction of a series of problems at the end of 
each chapter. 

Professor MacRobert has assumed on the part of his reader a thorough 
knowledge of the use of power series, an elementary knowledge of the theory 
of functions of a complex variable, and a sound critical faculty. There are oc- 
casional points at which the reader must be on the alert to supply the reasoning 
necessary to justify assumptions of uniqueness, interchanges of order of integra- 
tion, and so on. Now and then statements are made which are false unless 
amplified or interpreted in the light of facts not placed at the reader’s disposal. 
Let us cite the sentence at the top of page 142. After the chapter on the con- 
vergence of Fourier series, there is no attempt to prove convergence and re- 
presentation theorems for the formal series determined as solutions of physical 
problems, because of the fact that in no case have simple direct methods been 
published until recently. The great number of formulas crowded into the text 
increases its usefulness for reference purposes but tends to obscure the math- 
ematical principles underlying the whole development. A good index makes 
the material readily available to any one using the book for reference. 

I believe that Professor MacRobert could have performed a greater service 
by replacing his aim by either of two others. If, instead of excommunicating 
the methods of contour integration, he had proceeded to write a book of the 
same character as Watson’s remarkable treatise on Bessel functions, he would 
have made a contribution which could scarcely be superseded in one or two 
generations. On the other hand, if he had written a clear introductory text 
dealing in an elementary manner with the convergence and applications of 
developments in spherical harmonics, without so much attention to formal 
properties of the Legendre functions, he would have earned the lasting gratitude 
of students approaching this branch of mathematical physics for the first time. 
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Since he has chosen neither of these aims, the merit of his work cannot, in my 
my opinion, be permanent. It is a useful book, especially at this time; for it 
appears at a peculiarly opportune moment, when physicists are taking renewed 
interest in spherical harmonics and similar functions because of their applica- 
tions to some of the problems of wave-mechanics. 


M. H. STONE 


Zehn Vorlesungen tiber die Grundlegung der Mengenlehre. By A. FRAENKEL. 
Leipzig-Berlin, B. G. Teubner, 1927. 182 pages. 


There are indeed few mathematicians who are not interested to a greater 
or less extent in the underlying structure of the subject. Consequently, a book 
such as the one under review, aside from its possibilities as a text book, holds a 
considerable amount of interest for almost any mathematician who might care 
to read it. The reviewer does not feel that it is a book written primarily, as 
might be inferred from the title, for the student or specialist in the so-called 
“Mengenlehre.” It seems rather to make its greatest appeal to the person in- 
terested more particularly in mathematical logic and the foundations of mathe- 
matics. The book abounds in discussions of various mathematical paradoxes 
and antinomies, such as those due to Russell, Burali-Forti, Richard, and others. 
The author bases the whole treatment on as few undefined concepts as possible. 
Definitions are given for almost every term used—even for such terms as “set,” 
“null set,” “existence of a set,” etc. In fact, it seems to the reviewer that too 
many concepts are defined; so many that it makes one suspect that a conflict 
is inevitable. 

The book is conveniently divided into five parts of two lessons each, under 
the following titles: (I) Umrisse der Cantorschen Mengenlehre. Die Antino- 
mien der Mengenlehre und ihre Wirkung; (II) Die nichtpradikativen Begriffs- 
bildungen. Der Intuitionismus; (III) Die Axiome der Mengenlehre; (IV) 
Verscharfung des Aussonderungsaxioms. Allgemeines und Historisches zum 
Axiomensystem. Theorie der Aquivalenz; (V) Theorie der Ordnung. Die 
endlichen Mengen. Uber die Vollstaindigkeit, Widerspruchsfreiheit und 
Unabhiangigkeit des Axiomensystems. 

The book is written in a very pleasing style, the lessons being addressed by 
the author to his class. The very sparing use of symbolic language makes the 
book quite readable and enhances its value as a reference work. The reviewer 
believes that this volume could be used quite successfully as a text or as a source 
book for a course in mathematical logic; and that it would be particularly 
adaptable where the instructor wishes to confine the main theme of his course 
to questions in the theory of sets. | 


G. T. WHYBURN 
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A Survey of Methods for the Inversion of Integrals of Volterra Type. By Haroxp T. 
Davis, Bloomington, Indiana University Studies, Nos. 76, 77,1927. 72 pages. 
Price $1.00. 


This pamphlet is the second of a series of monographs by the author on the 
general subject of integral equations. It is devoted to the inversion of the inte- 
gral 


(1) f(x) = 


which is the form in which the subject of integral equations fi:st acquired a 
systematic treatment by Volterra, and includes the famous equation of Abel, 


with singular kernel, 
u(t)dt= 
f(a) = f 
0 


The treatment includes a brief exposition of methods suitable for this type of 
equation, with singular and with non-singular kernel, and an appropriate 
bibliography selected from that already given in the author’s earlier study on 
The Present Status of Integral Equations. 

Part I consists of the classical methods of solution by reduction to an equa- 
tion of the second kind, by means of differentiation, if K(«, x) #0, and reduction 
to a Fuchsian equation if the kernel vanishes suitably when ¢=x, with some 
consideration of the irregular singular point; there are included also equa- 
tions, which are generalizations of Abel’s equation, with kernel of the form 
G(x, t)/(x—a)*, where G(x, x) #0 and a<1, the differential equations of infinite 
order equivalent to (1), and a brief examination of (1) again where K(x, x) #0 
and does not change sign, but where the integrals are Lebesque integrals. The 
exposition of this last section might well be more complete, since it requires 
considerable reconstruction on the part of the reader. The central method in 
this part is that of successive approximations. 

In part II the author considers especially the kernels of the form K(x —?#) 
and shows the connection of particular forms of these kernels with the method 
of fractional differentiation—an exposition which will be of considerable 
benefit to the prospective reader. The possible connection is immediately 
perceived if one recalls the formula 


°u(x) = u(t)dt, a>QO, 
a 


(x — t)~¢ jm = 0,1,2, 
D2tey(x) = —— u(t)dt, 
dx" J. T(1 — a) lo<a<1, 


1 Indiana University Studies, No. 70, 1926. 
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and the form, for instance, of Abel’s equation. Other special methods are also 
given, such as Whittaker’s, where the kernel is represented by an interpolation 
formula. 

The classification and selection of material for studies such as this is neces- 
sarily difficult and to some extent arbitrary. The reviewer would have liked in 
Part II to see a clear-cut exposition of the relation of the theory to the complex 
variable, but is quite ready to admit that such a discussion can appear equally 
well in the treatment of the applications. Further contributions to this series 
of studies will be awaited with interest. 

G. C. EVANS 


Probability and Its Engineering Uses. By THORNTON C. Fry, Ph.D. New York, 
D. Van Nostrand Company, 1928. Price $7.50. 


This book, written by a member of the technical staff of the Bell Telephone 
Laboratories, is cordially recommended to the student and teacher of statisti- 
cal methods, and to all who are interested in the mathematical theory of prob- 
ability as a basis for the interpretation and control of experimental or obser- 
vational work. Although it is not an uncommon practice in the making of tests 
and treatises to read nine books and then write a more or less conglomerate 
tenth, Dr. Fry’s book departs widely from this procedure. It rings with sincerity 
in the sense of offering a smooth and unified exposition of all the material dealt 
with, an exposition based upon an initmate acquaintance with theory and upon 
a wide range of experience with practical problems. 

Fundamental considerations of a priori probability theory are presented with 
admirable clearness. The theorems of Bernoulli and Bayes are adequately dis- 
cussed and illustrated; and the treatment of the binomial, multinomial, and 
Poisson laws leaves little to be desired. The sections devoted to the Poisson 
law are especially noteworthy. In numerous places the author gives striking 
evidence of resourcefulness as an expositor and teacher. Let us indicate the 
manipulation of just one topic; in that way we can illustrate the painstaking 
attention devoted to problems of clear presentation. By what is in effect a 
brief and informal study of changes of variables in definite integrals, and of the 
role of the Jacobian in such changes, Dr. Fry contrives to present more clearly 
that this reviewer has seen presented elsewhere the precise meaning of a relative 
frequency function—which could very suitably be termed a “frequency den- 
sity” or a “probability density” function, although it is not thus labeled by 
the author—and of a frequency curve or surface. Moreover there is applied at 
this point the happy thought of driving Maxwell’s formula for the distribution 
function of the velocities of gas molecules, and of transforming subsequently 
to spherical codrdinates. It is difficult to see how even the dullest schoolboy 
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could fail, upon reading these sections, to grasp the exact meaning of a frequency 
distribution function in any system of variables. 

The second half of the book opens with a brief account of the normal law 
of distribution, and of the Pearson and Gram-Charlier methods in curve 
fitting. These methods are then carefully illustrated in the full discussion, 
from many standpoints, of an interesting problem. The author, with a judgment 
tempered by experience and always eminently sound, does not overstate the 
theoretical importance of the probability speculations commonly proposed in 
justification of accepted types of frequency curves—such curves often furnish- 
ing, under the circumstances of their application, hardly more than convenient 
graduation formulas. The last hundred pages of the book are devoted to practi- 
cal applications of the theory previously developed. In particular, engineering 
problems arising in the telephone industry, and important problems of theoret- 
ical physics, are studied in detail by the methods of the probability calculus. 
The idea of “statistical equilibruim,” largely neglected in English texts, is not 
overlooked here. 

The reviewer feels that the early chapters of the book develop elementary 
mathematical notions concerning limits, etc., rather more fully than is neces- 
sary. It may also be observed that in matters of mathematical notation and 
convention these chapters show an occasional tendency to diverge abruptly 
from the customary. But it would be absurd to criticize a really excellent work 
on such a basis. After all, paragraphs like that which begins at the bottom of 
page 90 show quite unmistakably that the author fully understands the niceties 
of his mathematical analysis and that he can apply it with discrimination. 
The paragraph to which reference is here made directs attention to an important 
point which fails, in many another text, to receive appropriate emphasis. Dr. 
Fry strongly voices his insistence that underlying the definition of a statistical 
probability there is absolutely no assumption of the existence of a limit for the 
statistical ratio; that the variable which approaches a limit (in fact, the limit 
zero) is, in accordance with the Bernoulli theorem, the a priori probability that 
the statistical ratio will, as the number of trials increases indefinitely, diverge 
from a certain number by more than a preassigned constant. This is one of 
many touches for which the book deserves high commendation. 

While several important methods of probability and statistical theory are 
altogether omitted or merely touched upon notably correlation methods, space 
has thereby been reserved for an exceptionally full and clear analysis of con- 
siderations of outstanding importance which have been found immediately 
capable of productive engineering application. Emphatically, this is a book 
which is worth while. The list price is stated to be $7.50; but, everything 
considered, the price does not appear to be unreasonable. 
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Bound with the book are forty-four pages of useful tables, some of which 
are a little difficult of access elsewhere, and a chart to facilitate the application 
of the commoner distribution laws. The typography is excellent throughout. 

LESTER S. HILL 


PROBLEMS AND SOLUTIONS 


Epitep By B. F. FINkKEL, Otto DUNKEL, AND H. L. Otson 


Send all communications about Problems and Solutions to B. F. Finkel, Springfield, Mo. All manu- 
scripts should be typewritten, with double spacing and with a margin at least one inch wide on the left. 


PROBLEMS AND SOLUTION 


N. B. Problems containing results believed to be new, or extensions of old results are especially 
sought. The editorial work would be greatly facilitated if, on sending in problems, proposers would also 
enclose any solutions or information that will assist the editors in checking the statements. In general, 
problems in well-known textbooks or results found in readily accessible sources, will not be proposed as 
problems for solution in the Montuty. In so far as possible, however, the editors will be glad to assist 
members of the Association with their difficulties in the solution of such problems. 


PROBLEMS FOR SOLUTION 
3349. Proposed by S. A. Corey, Des Moines, Iowa. 


If |/mn| denote the determinant whose columns are the /th, mth and nth columns of the array 


y x -av au 
u bv x —by 
v —cUu cy 


prove that 
acu?-+ abv?) = |234 |2-++bc |134 |124 |123 |2. 
3350. Proposed by Frank Irwin, University of California. 


Find the sum of all products of m factors each, the factors being chosen from the numbers 2,3,4,---, 
2+#. Repetitions of factors are allowed; order is not considered; and two products such as 2-6 and 3.4 
are regarded as distinct, though numerically equal. 


3351. Proposed by C. D. Smith, Louisiana College. 


Assume AOBC to be the octant of a sphere of radius R and centre O. Find the radius of the in- 
scribed sphere. Also find the radius of a sphere which will be tangent to the two spheres and the planes 
AOC and BOC. 


SOLUTIONS 


263 [1917, 177]. Proposed by J. L. Riley. 
To find values, positive integral, which verify the equation 1°+2=y*. 


SOLUTION AND NOTE BY ALFRED BRAUER, University of Berlin 


The question for the integral solutions of the equation x*+-2 =, has been discussed several times. 
For a reference to the literature, see L. E. Dickson, History of the Theory of Numbers, vol. 2 (Washing- 
ton, 1920), p. 533-539, and L. Aubry, Réponse 5085, L’intermédiaire des Mathématiciens (2), vol. 2 
(1923), p. 107. 
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In my paper! Ueber einige spezielle diophantische Gleichungen I have shown that the above equation 
is verified only by the values x=—1, y=+1. I get this result as a special case from the following 
theorem: 

If a=2b'>0, if 6b is free of square factors and the number of the classes of ideals of the field P(./—6b) 
is relatively prime to 3, then it is possible to indicate all integral solutions x, y of the equation x*+a=y*. 

This theorem is proved by applying a lemma about imaginary quadratic fields. 

In a quite different way and without any reference to me, B. Delaunay showed in 1922, in a Russian 
paper, that the equation x*+-2=~* has only the solutions x=—1, y= +1. In his proof he makes use of 
some theorems about cubic fields.2_ The above result about equations of the form x°+26=* is not ob- 
tained by this method which was unknown to me when I issued my paper. 


2939 [1921, 468]. Proposed by C. F. Gummer, Queen’s University. 
Show that the determinant 


a An 0 0 
0 be = ese 0 
0 0 4 — bar —b 
be bn a 0 See 0 
0 db a2 0 
00---h an a 


has the property that every n-rowed determinant of the left-hand columns is equal to its cofactor. 


SOLUTION BY THE PROPOSER 


Let m be the minor determinant obtained by taking the left-hand columns in their original order 
and associating them with rows number 4), i2,° ++ , in, in the order of naming, of the given determinant 
D. The cofactor M of m in D may be written as a 2m-rowed determinant whose » right-hand columns 
are the same as those of D, while the elements in its left-hand columns are all zeros except those forming 
the leading diagonal of m; that is, those in row 7, column 1; row iz, column 2; etc.; and these elements are 
each unity. Representing M in this way, multiply it by the determinant (equal to a,") whose left half is 
identical with that of D, and whose right half has all its elements zero except those in the leading 
diagonal of the lower half of it, which are each unity. On carrying out the multiplication in such a way 
that the element in row / and column g of the product is the result of combining column of the deter- 
minant representing M with column q of the determinant representing a,", we get a determinant whose 
upper left-hand quarter is precisely m, whose lower right quarter is the same as the upper left of D, 
while the lower left quarter consists of zeros. Hence a;"m=a,"M. Therefore, when a; is not zero, M =m; 
and this can only be an algebraic identity, true for all cases. 

The theorem is more interesting than it looks, especially when a number of a’s and b’s at the end of 
the series vanish. Thus the determinant 


1 Mathematische Zeitschrift, vol. 25 (1926), pp. 499-505. 
2 See also Comptes Rendues (1920) and Journal de la Société Phys.-Math. de Léningrad t. 1, p. 265. 


| 
| a a3 O O | 
0 0 O a a |} 
bh b O 0 O | 
d=|0 hm b&b O O 
0 0 O0O O 
0 0 0 be Bb 
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is built up by a variation of Sylvester’s dialytic method which shows that it is divisible by the resultant 
4 a3 a O 
0 na 
R=|bh O O 
0 & O 
0 0 bh kh 


of the polynomials a;x*+ a2x?+a3x+ a, and b,x?+b.x+-b3; but the other factor is not evident. On recog- 
nizing d as a case of m, with n=7, a;=as=a;=0, bs=b;=b,=b;=0, and applying the present theorem 
it becomes clear enough that d= (b.?—,b3)R. 


2961 [1922, 129]. Proposed by J. L. Riley, Stephenville, Texas. 


Being given a triangle ABC, to determine the two points P, P’ such that the angles PBC, PCA, 
PAB are equal; and such that also the angles P’CB, P’BA, P’AC are equal. Find also the equation of 
the circle which passes through the points P, P’ and through the center of the circle circumscribing the 
triangle ABC. 


SOLUTION BY NATHAN ALTSHILLER-CourtT, University of Oklahoma 


The same question was proposed in the Nouvelles Annales de Mathématiques in 1875 (p. 192) by H. 
Brocard. The points are known as the Brocard points of the triangle. These two points together with 
the symmedian point constitute the backbone of the Modern Geometry of the triangle. The circle 
determined by the Brocard points and the circumcenter of the triangle is known as the Brocard circle 
of the triangle. See J. L. Coolidge, A treatise on the circle and the sphere, Oxford, 1916. William Gal- 
latly, Modern geometry of the triangle. Francis Hodgson, London, 1910. College Geometry, Altshiller- 
Court, pp. 243 etc., Traité de Géométrie, Rouché et Comberousse, 8th ed., vol. 1, pp. 473 etc. 


2962. [1922, 129]. Proposed by R. M. Mathews. 
To construct a triangle similar to a given triangle with its vertices ] ying on: (a) any three coplanar 
lines; (6) any three lines in space. (See Problem 2895, |1921, 184.] 


SOLUTION BY LAWRENCE HAMILTON, University of Oklahoma. 


Let /, m, n be the three fixed straight lines which in case (a) lie in the same plane, and let a, 8, y 
be the angles of the given triangle. Suppose that a variable triangle A BC has these angles at the corre- 
sponding vertices and that A is fixed on / while B describes m. Then, as shown in College Geometry by 
N. A. Court, the vertex C describes a straight line p inclined at the angle a to m and passing through 
C;, where C; is the position of C when BC lies on m. If the order of A, B, C is reversed there is a second 
locus p’ such that p and p’ are symmetrically situated with respect to the perpendicular from A to m. 
If now C moves on m we shall have in general two more lines parallel to the first as loci of B. By con- 
sidering also the angles 8 and 7 at the fixed point on /, we shall have in all twelve lines as the locus of 
the third vertex. The intersections of these lines with » determine in general twelve constructions for the 
selected point on /. 

In case (b) for each position of A on/ and B on m the locus of C is a circle in space cutting p and p’. 
As B moves on m these circles determine a surface through the lines p and p’. If on the other hand we 
let C move on m we have in general another such surface as the locus of B. There are in general two more 
pairs of such surfaces for the selected point on / for which the angles at this point are 8 and y. The 
intersections of these six surfaces with » determine the constructions for one vertex at the selected point 
of J. 

2968. Proposed by Malcom Foster, Yale University. 


A curve C is the directrix of a ruled surface and g is a ruling. Relative to the trihedral of C at the 
point of intersection with g, the direction cosines of g are a, 8, y, expressed as functions of the arc of C. 
Prove that the distance ¢ along g from C to the line of striction is given by 

Bp!—a’ 


{= 
Lia’? + 2p-'(ap’ — a8) + — By’) + — y*) + — a?) + tery 


= 
— 
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where p and 7 are the radii of first and second curvature of C. 


SOLUTION BY J. H. NEELLEyY, Carnegie Institute of Technology. 
A ruled surface referred to rectangular axes has the equations 


(1) x=x+lt, y= yot+ mi, 2= 20+ nl, 


where (xo, Yo, Zo) is the intersection of a ruling and the directrix C; where /, m, n are the direction cosines 
of the ruling; and where # is the distance along the ruling from C to any point of the surface. We assume 
these quantities expressed as functions of the arc of the directrix. Then the distance ¢ along the ruling 
from C to the line of striction as given in Eisenhart’s Differential Geometry, pp. 241-243, is 


U2 + m? + 
The primes represent the absolute rates of change of the quantities as to the arc of C. Now suppose 


the trihedral of C coincident with the x, y, z-axes. Then the relations between the absolute and relative 
rates of change of the direction cosines of the ruling! are given by 


(2) t= 


(3) V =a’ — Bp, m' = B' + ap yr“, = y' — Br} 
and 
(4) xo = 1, yo = 0, zo = 0. 


The substitution of relations (3) and (4) in (2) gives the distance ¢ in the form requested if we make use 
of the fact that )-a?=1. (See Eisenhart, |. c., §16). 

3276 [1927, 381]. Proposed by L. L. Silverman and J. Tamarkin, Dartmouth College. 

Prove that if v is an integer greater than or equal to 1, then 


imate 1) J dt, where 


Vv. 


SOLUTION BY J. TAMARKIN, Brown University. 
We use the method of “Generating Functions.” Let 


= 1,2, ++) 


and let x be any positive number less than 1 (0<x<1). Then 


1 t 1 x 
f(x) Dax’ = ( x)’ = -f (1 — x)‘dt = 
vm 0 veo \P 0 log (1 — x) 
the term by term integration being permissible because of the uniform convergence of the series under 
the sign of integral. We can compute f(x) by using Cauchy’s integral. For that purpose we take the 
complex z-plane which is cut along the segment of the axis of reals from 1 to ©. In the remaining part 
the function log (1 —2) is single-valued and analytic, and we can set 


log (1 — z) = log| 1 — z|+ oi, 
where 


w = arg(1— sz) and 


In the same part of the plane the function f(z) is also single-valued and analytic. 
Now, let (C) be any contour which has no points in common with the cut 1 and which contains 
both points z=0 and z=x in its interior. The Cauchy’s theorem applied to the function f(z) shows then: 


1 (0, 0, 0) of trihedral of C is (xo, yo, zo) of x, y, s-axes. 


— 
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1 f(z) 1 


e 1 dz 4 x dz 
(c) log (1 — 2) 2wid — x) log (1 — 2) 


x dz 
(z — x) log (1 — 2) 


the function 1/log (1—z) being analytic in (C) except for a simple pole at z=0, with the residue (—1). 
Now, let R, p, 4, be arbitrary positive numbers of which p<1, R>1+e, and h<p. Set z= £&+in and 
draw the circles 


(Cr)|z|=R; (C,)|1-2| =e 
and the half-lines 


(Dr) n=+h, 


Obviously, we can take for (Cc ) the boundary of the region between (C,) and (Cpr) and outside the strip 
(Dx). Denote by (Cg ), (C; ) and (Dx) respectively the circular and the rectilinear parts of (C). Then 


dx 


dz 1 
(z — x) log (1 — 2) (z — x) log (1— 2) 


The rectilinear part (D’,) of (C) consists of two segments parallel and symmetrical with respect to the 
axis of reals, and described in opposite directions. Hence, it is readily seen that 


lim 1 dz [ 
(D's) (z — x) log (1 — z) 1+p Llogt — £) ~ ‘ 


where log* (1— £) and log~ (1—£) denote, respectively, the limiting values of log (1—2) as z approaches 
the point ¢ on the cut 1— ©, from above or from below. On account of our agreement above concerning 
the function log (1—z), we have 
log* (1 — &) = log (& — 1) — wi; log” (1 — &) = log (E—1) + mi; 

(1 — (1 — log? 1) + 

f f dt 

lim — = 
J(D's) (E — x)[log? — 1) + 


and 


Sep] — (1 — 2) +f — x)[log? ( 1) + 


Now, we can make R-, p—0. If ¢ is any positive number, then for R sufficiently large, we have on 
(Cr) 
| 1/log (g — 1)|B< «. 


Hence, 


|< 


Since 


—Oass—1, 


log (1 — 2) 
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we have on (C,), for p sufficiently small: 


| 1/log (1 — z)| <4: 
Hence, 


or 6 
<< f 
6 


(C,) 


On collecting these results we get finally 


dt dt 


and the substitution §=¢+1 brings this to the form 


dg . 


If we expand the integrand in ascending powers of x and assume the possibility of term by term integra- 
tion, we see immediately 


(¢ + 


Therefore 
1/t 1)-"d 
0 v 0 log? 7 
which is the desired result. To justify the term by term integration, set 


dy 
v = R, = dr, 
Hence, 
0 < R,(x) < x” ds —Oasn—- 
an 


dg 
0 1)’*[log?s + ’ 


The formula (*) has been proved for all positive integral values of ». We can, however, consider the 
left- and right-hand members of this formula as analytic functions of an unrestricted variable »v. For, 


we may set 


=lim Q.E.D. 
2 


thus obtaining the function 
1 
Fv) = f + 1)/[P(t — » + + 1)] de 


which is analytic for all values of ». On the other hand, the function 


&+ 
log? ¢ + x? 


surely is analytic if the real part of » is greater than 1. The fact that these functions are equal for 


= 
— | 
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infinitely many values of y=1, 2,:- - may suggest that @(v) and F(v) represent the same analytic func- 
tion. This is not true, however, as can be proved as follows: 

The function F(v) is analytic at y=1. Now, we shall prove that ®(v) is not analytic at y=1. On 
setting y—1=s, ¢+1=e' we have 


log? +x LS, +J, ha +? 


where a is a fixed positive number, >1. The first term of the right-hand member is analytic for all 
values of s (entire transcendental function). To transform the second term we observe that, on the 
interval (a, ©), 


log (et — 1) = log (et) + log (1 — e~*) = t — Bet 
with 0<@<e*/(e*—1) <2. 
Hence 
1 1 — 


where P(t) is bounded on (a, «). On substituting, we find 


a log? (et — 1) +2? o a # 


The second term of the right-hand member is analytic if the real part of s is greater than —1. Denote 
the first term by 


Let s=o+ir, where 7 is arbitrary and o>0. We have right to differentiate (* *) under the sign of 
integral, because of the uniform convergence of the resulting integral, whence 


Now, as s—0 (remaining in the right half-plane), the integral 


ad —st 
a (2 + 1?) 


remains uniformly bounded in absolute value: 
1 
@+7? 2 


e~*dt 
a 
On the contrary, the term C e~*tdt=e-2#/s—> @ as s—0, which shows that y’’(s) is not bounded as 
s—0, hence ¥(s) is not analytic at s=0. The same is true, then, of the functions ¥(s) at s=0 and ®(») 
aty=1. Hence F(v) and ®(v) are two distinct analytic functions whose values coincide aty=1,2,3,---. 
The question arises now whether the values of these functions may coincide at the points of another 
infinite set {»,} (n=1, 2,3,--++). It is readily proved, however, that this is not the case, provided the 
set {vn} admits of at least one finite limiting value whose real part is greater than 1. For, if we assume 
(without loss of generality) that »,—v) as n— ©, and that the real part of » is greater than 1, then the 
function Q(v)=F(v)—(v) is analytic at y=v and has infinitely many roots in the vicinity of »=v0, 
which implies 2(v) =0. Of course the set {», =m} does not satisfy the requirement above. 

To conclude we may say that on substituting in the expression of F(v) above the known asymp- 
totic formulas for the Gamma-functions involved, it is readily proved that a,=O(1/» log’). (Cf. 


M. Riesz, Sur l’équivalence de certaines méthodes de sommation, Proceedings of the London Math. 
Soc. (2) 22, 1923-1924, 412-419, esp. p. 416). 


— 
| 
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3286 [1927, 438]. Proposed by V. M. Spunar, Chicago, Illinois. 


A doubly infinite system of similar conics in parallel planes have their centers collinear and their 
corresponding axes parallel. Show that they can be cut orthogonally by a family of surfaces only if the 
line of centers is perpendicular to their planes. 


SOLUTION BY THEODORE BENNETT, University of Illinois. 
The equation of the family of conics can be written: 
(1) ax? + 2b(y — cv)x + d(y — cv)? =u, 2 =2, 
where a, b, c, d are constants, and wu, v are the parameters of the system. If the surface f(x, y, z) =k cuts 
these curves in the plane z =v orthogonally, then it is obvious that f= must be a cylinder with elements 
parallel to the z-axis. Hence f does not contain z, and the curve of intersection of f=k with z=0 is de- 
termined by 
(ax + by — cub)dy — (bx + dy — crod)dx = 0. 
Two cases are to be considered. If c-0 then we must have 


ax+by, bx +dy 


=0 
b d 


or b?--ad=0. In this case the conics are parallel straight lines which we may discard as trivial. Hence 
in the remaining case c=0, and the line of centers is the z axis, which was to proved. 


NOTES AND NEWS 


Readers are invited to contribute to the general interest of this department by sending items to 
H. W. Kuhn, Ohio State University, Columbus Ohio. 


What can one say for mathematics in two minutes? 


The Fox Film Corporation is inviting representatives of various specialties 
to give two-minute talks for the “Fox Movietone News.” At the University of 
Chicago, Professors A. A. Michelson and H. E. Slaught were invited to speak 
for physics and mathematics, respectively. The following is what Professor 
Slaught said: 

I am asked to speak for two minutes about the human significance of mathe- 
matics. 

Most people, I take it, think of mathematics, aside from commercial arith- 
metic, as a mere plaything of a few specialists—something quite devoid of any 
general human interest. 

On the contrary it is easy to show that mathematics underlies our present- 
day civilization in much the same fundamental way as sunshine forms the 
source of all life and activity on the earth. We do not need to know the consti- 
tution of the sun in order to enjoy its light and heat. Likewise we do not need 
to be mathematicians in order to enjoy the benefits accruing to us from mathe- 
matical science. 

It was mathematics that unlocked the mysteries of the heavens and dis- 
pelled the ignorance and superstition which prevailed when men believed that 
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the earth was flat and that the sun and the stars revolved around it. By our 
knowledge of the heavens gained through mathematics we regulate our chro- 
nometers and guide our ships on the high seas. 

It is mathematics that enables us to visualize the contour of the earth’s 
surface. Without this aid no accurate map or chart of a coast line or of a 
mountainous region could possibly be made. 

This is the age of electricity, but it is not difficult to show that the present 
marvelous development of this mysterious force known as electricity rests 
fundamentally upon mathematics. This is also the age of the gasoline engine 
but we shall find that the automobile, the tractor, the air-plane, the zeppelin, 
and scores of other products of the twentieth century made possible by the 
gasoline engine have one and all been obliged to wait upon the engineer and the 
draughtsman whose laboratories were bristling with mathematics. 

If we consider the whole range of the physical sciences such as mechanics, 
engineering, ballistics, physics, and much of chemistry and geology; also certain 
phases of the biological sciences, including important researches in physiology 
and biometry; likewise all subjects involving statistical study of any kind, such 
as insurance, annuities, etc.—in fact every form of quantitative investigation 
whatsoever—we shall see that these one and all rest fundamentally upon mathe- 
matics. 

Even certain phases of beauty have a mathematical basis. For example, 
symmetry which is beauty of form, harmony which is beauty of tone, rhythm 
which is beauty of motion, are all terms having mathematical content. 

We see, then, that mathematics has a very close relationship to our every 
day lives and hence is of far-reaching human significance. 


Some readers of the Monthly may be interested in the following announce- 
ment from the United States Civil Service Commission: To fill a vacancy on the 
staff of the United States Naval Observatory, applications for the position of 
associate librarian will be received from now until December 12. The duties 
are having charge of the highly specialized library of the U. S. Naval Observa- 
tory, consisting of works on astronomy, mathematics, and physics, and includ- 
ing numerous collections of the transactions of the principal scientific societies 
of the world; maintaining a reference service in the field of astronomy, mathe- 
matics, and allied sciences, including the compilation of comprehensive and 
selective bibliographies; cataloging and classifying the material, which is in 
approximately 27 languages, requiring an extensive knowledge of French and 
German, and a working knowledge of some of the other languages. 

Competitors will not be required to report for examination at any place, but 
will be rated on their education, experience, and fitness, and a thesis or publi- 
cation to be filed by the applicant. 
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A man is desired for the position. The entrance salary is $3,200 a year. 
Higher-salaried positions are filled through promotion. Full information may be 
obtained from the United States Civil Service Commission, Washington, D. C. 


At the International Congress of Mathematicians held recently at Bologna, 
Professor EDWARD KASNER of Columbia University presented papers on “Geo- 
metrie des fonctions polygene” and “The higher derivatives of polygenic func- 
tions.” 


Dr. GREGORY BREIT, mathematical physicist of the department of terrestial 
magnetism of the Carnegie Institution, has been assigned to carry out work in 
atomic physics in various laboratories and universities of Europe for the present 
year. 


Professor E. R. HEDRICK, chairman of the department of mathematics of 
the University of California at Los Angeles and editor-in-chief of the Bulletin 
of the American Mathematical Society, has been nominated for the presidency 
of the Society by the Council. 


Associate Professor C. C. BRAMBLE has been promoted to a professorship of 
mathematics in the post graduate school of the United States Naval Academy. 


Mr. H. C. CurisTOFFERSON has been appointed professor of mathematics at 
Miami University. 


Associate Professor G. R. CLEMENTS, of the United States Naval Academy, 
has been promoted to a professorship of mathematics. 


Associate Professor ALBERT E. Cooper, of the mathematics department of 
the University of Texas, has been elected a director of the Republic Bank and 
Trust Company, of Austin, Texas. 


Dr. W. L. Crum, professor of statistics, Graduat2 School of Business, Stan- 
ford University, has been elected editor of the Review of Economic Statistics, 
published by the Harvard Economic Society, Inc. 


Associate Professor ALEXANDER DILLINGHAM has been promoted to a pro- 
fessorship in mathematics at the United States Naval Academy. 


At the University of Texas, Professor H. J. ETTLINGER has been appointed 
director of intercollegiate athletics for the year beginning Dec. 1, 1928. The 
appointment is temporary, to meet an emergency. He will continue his work as 
professor of mathematics, teaching a full schedule. Professor Ettlinger played 
football, baseball, and basketball at Washington University from 1907 to 1910. 


Dr. ORRIN FrInkx has been appointed assistant professor of mathematics at 
the Pennsylvania State College. 
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Dr. Mary G. HAsSEMAN has been appointed professor of mathematics at 
Hartwick College, Oneonta, N. Y. 


Associate Professor O. H. RECHARD, of the University of Wyoming, has 
been promoted to a professorship of mathematics. 


Dr. L. S. SutvEty, of Mount Morris College, has been appointed associate 
professor of mathematics at Ball Teachers College, Muncie, Indiana. 


Dr. H. W. StacEr, of Los Gatos, California, has been appointed head of the 
department of mathematics at Salinas Junior College. 


Dr. J. M. Stetson has been appointed professor of mathematics at the 
College of William and Mary. 


Assistant Professor W. J. WEBBER, of the University of Toronto, has been 
promoted to an associate professorship of mathematics. 


Professor R. M. WINGER, of the University of Washington, has an article 
entitled The equi-anharmonic cubic and its group in the current volume of the 
Tohoku Mathematical Journal (vol. 29, pp. 376-400). 


EpcAr W. Woo tarp, assistant meteorologist of the Weather Bureau, 
has been appointed instructor in mathematics at George Washington Univer- 
sity. 


The following appointments to instructorships in mathematics are an- 
nounced: 

Hunter College, Dr. MARGUERITE D. Darkow, Dr. Rosa L. JAckson; Miss 
R. LuciLE ANDERSON. 

Mississippi A. and M. College, Mr. G. B. DRumMMonbD. 

United States Naval Academy, Messrs. F. J. BArER, J. R. BLANK, W. F. 
KERN, G. A. Lye, H. C. Stotz, H. J. WINsLow. 

Wittenberg College, Mr. Guy S. Harris. 


Brigadier-General W. H. Brxsy, retired, formerly chief of engineers of the 
United States Army, died on September 29, 1928. He was a charter member of 
the Mathematical Association, and regularly attended the national and sec- 
tional meetings in Washington and vicinity. 


A HISTORY OF | 
MATHEMATICAL NOTATIONS 


in two volumes | 
by 
FLORIAN CAJORI 


Volume I, Notations in Elementary Mathematics, just off the press, is 
sure to be an indispensable addition to every school and college library. 

Symbols in Arithmetic, Algebra, and Geometry, as developed and used 
in all countries and in all ages, furnish most fascinating reading for | 
teachers and pupils and add greatly to the appreciation and understanding | 
of elementary mathematics. 

This volume, beautifully printed and bound, contains 451 pages and 
106 reproductions from old manuscripts and books. Price $6.00. 

It is another notable addition to the Open Court Mathematical Series. 
Send for a complete list. 


The Open Court Publishing Company 


339 East Chicago Avenue : Chicago, IIl. 
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THE FIRST ENGLISH EUCLID! 
By WALTER F. SHENTON, American University, Washington, D. C. 


For a teacher who has, from his childhood, been intensely interested in 
Printing, which has been fitly styled “The Art Preservative of Art,” to fall 
unexpectedly into a choice collection of books on the history of this subject, 
together with a number of most interesting mathematical works from the early 
days of the application of printing, is indeed a most happy coincidence. Yet 
this very thing happened when, a matter of some three years ago, I contracted - 
to take charge of the Department of Mathematics in the College of Liberal 
Arts then being set up in connection with American University. 

Upon taking up my work with the University, I found that my Department 
had been given a collection of some ten thousand volumes (mostly mathe- 
matical) by the late Artemas Martin. Dr. Martin was a unique example of 
what an inherent love of the solution of mathematical problems can do to a man 
even if he has not the advantages of advanced schooling. Raised on a farm in 
Venango County, Pennsylvania, with common school education, he farmed in 
the summers, cut wood in the winters, later taught district school, drilled oil 
wells,—but devoted all his spare time to mathematical studies and to contri- 
buting problems and solutions to mathematical journals. For a number of 
years he conducted a market garden, and in 1885 was made a computer for 
the U. S. Coast and Geodetic Survey, in which work he remained until his death 
in 1918. During the years of his market gardening he was mathematical editor 
for the Normal Monthly; editor and publisher—incidentally printer as well—of 
the Mathematical Visitor and the Mathematical Magazine. All of these papers 
were largely devoted to the proposal and solution of miscellaneous mathematical 
problems. All through his life Dr. Martin seems to have spent his income in 
acquiring interesting mathematical treatises, and later in locating some of the 
early books in mathematics. The pair of volumes about which this paper is 
written is one of this collection which has particularly commanded my interest. 

The first English translation of Euclid’s Elements to be printed was the one- 
hundredth piece of work of the famous English printer John Day, and was is- 
sued in 1570. The work is bound in two volumes in tooled sheep skin, with 
red titles lettered in gold, all in splendid state of preservation. A quite good 
idea of the intended scope of the text may be had from the title-page (Figure 
1) which bears an excellent wood-cut showing figures intended to portray 


1 Read before the Maryland-Virginia-District of Columbia Section of the Mathematical Association 
of America, May 5, 1928. 
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